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"p MsASURE OF COMMUTATIVITY OF THE QUATERNION GROUP’

SYNOPSIS

The main purnose of tric dissertation is to determine

the Joseph mensure of Quaternion group Gn, n 2?2, A pair

(x,y) of elements of a groun will be called a comruting

pair if xy = yX. This was exactly the avnproach adopted

by Joseph [Josevh, K.S.;

while defining the measure of commutativity

Tre Josepnh measure of a finite

1069] in his doctoral thesis

of a finite

non~-commutative group.

non-commutative group G is

76 = number of such _commuting ordered pAairs
= Z
|Gl

then J(G) is the probability that a vair of element
chosen at random in G, will commute with each other,
Clearly Jg(G) = 1 1if and only if G is abelian. In this
dissept-tion we Bave defined the Josenh [Machale, P.D.$

1972] me-sure of a grouv G by

J(G) = KGG , where K(G)-denotes tke number of

(1)
§




(ii)

conjuracy classes of G and ]Gl is the order of tre group G.

» . a . .
In Chapter 1 we have defined the "commutativity

meacure” of a finite proup and civen a theorem of deter-

e

minine the commutativity measure with the heln of conju-

gacy classes of a grouo.

Tn Chapter ¢ we have described the free grouvs and
its presentations or abstract definitions.

hane

In Chapter 3 Weﬂdefined the quaternion grouvp and

giyena permutational representtion of the grouo Qn. AS
we know that [ Armstrong, M.A.; 1987] thre conjugate permu-
tations have the same cycle structure, So a permutational
reprecsentation of the groun will belp us in determining
the conjugacy classes of the proun.

Tn chapter 4 we have comnletely determined J(Qn) for

every n € IN and finally obtained

n+3

J(Gn) = i

and from thie we conclude that J(Qn) € (%, 5/8] for n 2> 2,

Earlier in chaoter 1, the problem of the dircsert-tion

is introduced and some vreliminaries that are used as tools
in the subsequent chapters.
A fairly exhaustive bibliography is added at the end

of this dissertation.
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CHAPTER 1

InIRODUCTLION

The purpose or this chapter is to explain the notion

0 the Joseph meagure ol commutativity or a tinite group

<

[Joseph K.S.;1969] and to develop some machinery ror use
in the final chapter of the dissertation. Joseph observed

tThat in an abelian or commutative group all the pairs of

b

elements commute 3 so the number of cormuting pairs ol

elements in a non—cpmmutative group may help us in derining .
a nice "measure!" or the commutativity ol the group. We
bresent below Joseph's approach to derine such a measure.

let us examine the Cayley ‘table oI Q, the quaternion

group of order 8, whose elementt constitute the set.—

{t(é 9,2 D e (E 90 3]

K ?(.
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I xy = yx, where x,y belonz %o a group U, we call this

situation a commutativity and place the number { ip.. both of

the poxes corresponding to xy and yx in the Cayley table Ior
G. Similarly, ir xy # yx we pLace the number zero in both ot

these boxes. With this convention, Table 1 bécomes :

Yable 2
] (0 11C )G G )6 DG SIE 9C
(g (1’) 1 1 1 1 1 1 1 1
~ _0) 1 1 1 1 1 1 1 1
G’ g) 1 1 1 1 0 0 0 0
(‘13 SNl 1 1 1 0 0 0 0
(3 _Q) 1 1o o 1 1 o |o
(51 (l)) 1 1 o |o 1 1 o |o
(2 g) 1 . 0 0 0 0 1 1
Q_i "c')) 1 1 0 0 0 0 1 1




So we have a total of 40 connutativities out of a

possible 54. ilence

%2 = 5/8

may perhaps be taken as a measure of comnutativity of the

group G.

Let us denote by J(G) the fraction got by dividing
the total number of comnutativities in a finite groun G
by IGIZ, the square of the order of G, It is at once evident
that J(G) = 1 if and only if G is commutative ~ . Our
object is to investigate the ratio J(G) and to see if there

are any restrictions on the values it may assume. The measure

J(G) will be referred to as the Joseph measure for the

group G.
In other words J(G) gives the probability that a pair
of elements, chosen ét random in G will commute with each

other,

Some other information of a finite group also gives the
idea about the tendency of a group of being commutative., For
exXxample, for a group G we can determine the centre
Z(G) = {x e Gt xg=2gx, ¥ € G} of the group., The more
the number of elements in Z(G) the greater will be the
tendency of the groun of being commutative. If ZkG) equals

G then G is commutative. If Z(G) contains only one element




(the identity element) then the group will be totally non-

commutative, that is J(G) is least in such case.

The solubility of a group also gives the idea of the
measure of commutativity of a finite group. A group G

having a finite derived series

6 SO LD SO . Sn(®) = (€}

where ‘éi(G) is the derived group of é{—l(c') is called a

soluble or solvable groubd of length n.

The group G has a tendency of being commutative if
the length n of the derived series is shorter, If n=2
in the derived series of a solvable groum, then the group
¢ is known to be a metabelian groub. So the next maximum

value of J(G) will be attained for metabelian groups.

By knowing the derived group of a group also we can

form an idea about how much comnutative can the group be %

A group G has a tendency of being commutative if it
has a smaller derived group. But unfortunately there is no
efficient method to compute the order of the centre or the

length of the derived series of a group.

On the other hand there is a very efficient method

given by Machal& [1972] for the determination of J(G) of a



given finite group G. He proved a theorem for determining
J(G) with the help of conjugacy classes of a group. Before
giving the main result due to Machal& for determining J(G)

we need to recall a few facts from elementary group theory.

We begin with the definition of conjugate element and
some well-known results of conjugacy classes. Most of the
results of this chapter are contained in standard. literature

([Hall} 1959], [Armstrong; 1987], [Scodt, 1964], [Ledermann ;

1961]).

Let x and y be any two elements of a group G,

we say that x is conjugate to y if gxg~1 = y for some g € Go.

The collection of all elements conjugate to a given

element is called a conjugacy class, we claim that the

distinct conjugacy classes form a partition of G. Let R be
a subgroup of G x G consisting of pairs (xy) for which x

is conjugate to y. Each x € G is conjugate to itself as
exe 1 = X, e is the identity eloment of & -
If x is conjugate td y, say gxg’l =y, then y is conjugate

to x as g-ly g = X, Finally, if x is conjugate to y and

- -1 .
y to z, say glxgll =y, 8)Y8y = %, then x is conjugate to
Z because,

-1

-1 -
(8281) x (g08) ~ = gy (g%87" ) &5
= g,¥8 5

= Z



Therefore R is an equivalence relation on R and its
equivalence classes, the conjugacy classes mentioned above,

partition G . These conjugacy classes will be worked out

for quaternion. groups in chaoter 4.,

Every class consists of elements conjugate to each’
other and the classes are mutually disjoint and the union

of the classes is G. So if for a group there are K-distinct

equivalence classes, then

G = [al] U [a,] U oco U [ak], where

[a;] n [a;] =@ , 1 £ J and [a;] denotes the

equivalence class containing the element aj. If the number
of elements in the equivalence class [ar] is h, and the order

of G is n, then we have

n = h1 + h2 + h3 + ocee + hk’ which is called the

class equation for G.

For a fixed element g € G the function from G to G

given by

X - gXg

is an isomorphism called conjugation by g. (It is a bijection

because it is invertible, its inverse being conjugation by g




and it preserves the algebraic structure of G because

a(xp)e L = (exe V) (eve™)

for any twc element X,y e G). Since an isomorphism preserves
the order of an element we see that elements in the Same

conjugacy class must have the same order.

Let K be any complex (i.e. subset) of G. Then the set
{x 1 x Tkx = k)

is called the normalizer of the complex K and is denoted

by N(K). If K is a singleton: set say {K}, then the norma-

lizer is called the centralizer of the element K and is

denoted by N(K).

Both the normalizer and the centralizer are subgroups

of G.

Lemma 1.1 [G :¢ N(K)] is equal to the number of the distinct

<

conjugates of K in G.

Proof ¢ Let a,b & G

~1 1

a is equivalent to b, denoted by a ~ b if a "Ka = b “Kb.

Then t~.' is an equivalence relation in G, because




(i) 5 = 8 Ha = @ A E
(ii) a ~b = a lka = b1k
= b Kb = a IKa

= b ~—~ a

(iii) a~b = a *Ka = b 'Kh

and b~ c = B KB = c TKc 3

= - . . §
Hence a lKa = C ch, which implies that

a ~ C,

The number of equivalence classes is then equal to the

number of distinct conjugates of K in G.

As usual [a] denotes the equivalence class containing

If is to be observed that
- wel
(1] = nk),[[1] = {xe Gt x Kx =1 KL = K}]
Let [x] be an equivalence class # [1].

First we show that

[x] = [1]x.
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Observe that be[x]«> b

bxt e [1]

R
& (bxH™L kext) = k (=171K1)
&
& b e [llx

Thus
[x] = [1]x = {N(K)}x

This shows that the number of distinct classes is equal
to the number of distinct right cosets of N(K), i.e. the
index of N(K) in G, i.e.

[G s N(K)]

So ultimately it follows that

'[G 3 N(K)] = The number of distinct conjugates of K in G.
m the

This can be expressed alsoﬂfollowing form g

O(N(K)) = 9(a)

The number of distinct conjugates of K in G

(if G is finite)

Corollary 1l.1.1 ¢ If the complex K of the grouo G consists
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of the single element a i.e, if K = {a}, then

[ : N(Q)] = number of elements of the conjugacy class [a].

An element a & G is called self conjugate if and only

if
a = x Yax ¥x €G or xa = ax ¥x & G.
Thus a self conjugate element is one which commutes with each

element of the group.

The centre of a group G consists of all those elements
which commute with every element of G. It is usually denoted
by Z(G) so that 2(G) = {x € G ¢ xg = gx, ¥8 &€ G}

Lemma 1,2, The centpe is a subgroup of G and is made up

of the conjugacy classes which contain just one element,

Proof ¢ If x,ye Z(G) and g & G, then

gxy-l = xgy'l [because x € Z(G)]

= x(ygH™?

x(g )™t (et y e z(@)

= xy g

Therefore, xy'l c Z(G). Certainly e &€ Z(G), so the centre

is a subgroup.
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Since xg = gx if and only if gxg—l = X, we see that x lies

in Z(G) precisely when the conjugacy class of x is the

singleton: set {x}.

Lemma 1l.%., If G 1is a non-commutative group then the factor

group G/Z(G) cannot be cyclic.
Proof & Assume that Z(G) = Z and let G/Z be cyclic,

generated by Zg.

Then
2 )
G=2ZUZgVU (Z2g)" U ... U (2g)" U ...

= Z U Zg U Zg2 Uu...U (Zg)Q u .

e O

Typical elements of G may now be exwnressed as Zlgi and

zzgj, where zl and Z, € Z. These elements clearly commute.

Since,

(Zlgi)(zzgj) = (Zggj)(zlgi) [ °° 2y, 2,& Z]

Contradicting the fact that G is non-Commutative.

Hence G/Z(G) cannot be cyclic.

Lemma 1.4 G/Z(G) cannot have prime order for any group G.
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Proof s We know that a group of prime order is cyclic. But

from the lemma 4.3 G/Z(G) cannot be cyclic, so it cannot have

prime order for any group G.
Now we shall state and give the proof of the theorem

due to Machale (1972).

Theorem 1,1 ¢ Let the finite group G have K(G) conjugacy

classes. Then J(G) = K(G)/|¢c|.

Proof ¢ Suppose the group G has n conjugacy classes, and

they are [a;], [a5], ... [an]. Therefore
Eal] V) [3.2] U 000 u [an] =G
i.e. hy + hy + voo + b = |Gl

where h, denotes the number of elements in the class
[a.].

We. recall that €G(G) denote the total number of all the
commuting pairs of element of G, For a fixed element a of
G the number of commuting pairs of the form (a,x), x € G,

is equal to the order of N(a), i.e. [N(a)|. Thus the number

of all commuting pairs of elements of G is equal to

z In(a)l ' .
aeG

i.e. C(G) =2 |N(a)] .
aeg
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Now, by definition of J(G) as given earlier, we have

J(G) = g.(g.% hX M%_L

IGI aeG

-ty T NG

— I lol [Using Cor. 1.1.1.]
lal® aec |[a]l

dence |[a]| denotes the number of elements of the conjugacy

class [a]

1 1
Now, J(G) = 15~ % . Tle]l

Theorem 1.2 ¢

If G is a finite non-comn utative group then

J(G) £ 5/8.
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Proof s Suppose K(G) denotes the number ofconjugacy classes
of the finite group G. Now, to maximise K(G) we must make
lZ(G)l, the number of one-element classes, aS large as
possipible. By lemma 1.4, |G/Z(G)| cannot be 2 or 3 and hence
la/z(c)|l > & i.e. |Z(G)| 5.% |cl. This leaves % |cl elements,
which must be distributed among classes containing at least

two elements each.
1
Thus k(@) < & Icl +3 - 2 lel =3 lcl

so that J(G) = X4& <%

Theorem 1.3 [Gallagher; 1970]

If H is any subgroup of G, then

J(G) < J(H)

Proof ¢ We may assume that H # G, since otherwise the result

is obvious. Here we shall use the symbol Nn(X) to denote the

normaliser of x in G.

As in the proof of theorem 1.1,

K(G) = ~rap = INg(®| and K1) = qr = INy(e)l

geG geH
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Ny(8) c Nu(g), since H is a subgroup of G and H # G,

icee T INg(e)l < = [Ng(e)l
geH ge G

ie. i oz INg(e)] < 4 Az [N.(e)l
i.e THT geHlH(gl HT@T ge G c\é

i.e. K(H) < [G : H] K(G) , where [G ¢ H] 4is the index

of H in G. We now use twice the inequality

lNG(g)l < [G: H]| NH(g) | to obtain

: Ivg(e)l <L e:H = | Ny(g) |
ge G geG
=[GsH] = |Ng(D)]
te
2
Lo H" = Ing (1))
+ teH
ve poin@l & M T 1 Nae
i od G 1
l.eo‘agzeG ING(g)l S, 1T{+ L4 TI:I_r tzeH INB (t) l

i.e. K(G) <[c & H] K(H)

K(G K(H)
e ot < A

which implies that J(G) < J(H) .
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Now we shall fist some 'forbidden values' of the func-
tion J(G). We have already seen that J(G) #:(5/8, 1) for

any finite group G. If J(G) > %, it can be shown that

J(G) = % + (%‘-)28+l for some vositive integer s. The group

S3 shows that it is possible to have J(G) = %. However, if

p( #Z 2) is the least prime number dividing |G|, it is not
possible to have J(G) = 1/p. (Note however that if G = A,

the ftetrahedral groun which is isomorphic to the group of

all even permutations on four symbols, then J(4,) = % ) -

Finally, we state the rather surprising fact that it &

is not possible to have J(G) € ( %6 , % ) for any finite
group G.

Our main objective in this dissertztion is to find
the Joseph measure of the family of quaternion groups. The
problem relating to two other classes of finite groups (i)the
dihedral groups D, (n2>3), (ii) the K-meta cyclic groups
have been studied by Miss Anu Kalita (1923) and Mrs Niva

Barman (1993) respectively.

As the notion of free groups play an impvortant rele in

finding an abstract definition or presentation of groups, 3o
in our next chapter we discuss free groups and ‘presentation

of groups. In chapter 3 we obtairr a presentstion of




1<

quaternion groun Qn of order 4n, n 2 2 and use: this presen-

tation of Q  to get a suitable nermutational representation
of it,

In the last chapter we shall determine the conjugacy

classes of Q, and usec the theorem 1.1 to obtain the Joseph

measure of Q, for every n ¢ N . Precisely speaking we shall

_ n+3 .
show that J(Q,) = Zm— for all n. and it follows that

J(Q,) = 5/8 if and only if n = 2 i.e. @, attains the maximum

value 5/8 of J(G) and no other member of this family

(@, n2 33 Q is commutative for n = 1) attains the maxi-

mum value. Also we shall show that J(Q)) € (%, 5/8] for

n?> 2,

A fairly exhaustive bibliography is added at the end

of the dissertation.



CHAPTER 2

FREE _GROUPS AND PRESENTATIONS

The main purpose of this chapter is to discuss the .
notion of a presentation (or an abstract definition) of a
group because our discussion in suceeding chapters will be
on finding, and on employing a presentation of the quater-
nion group. But the notion of a presentation of a group is
inseparably linked with the notion of free groups. We there-

fore begin with a carefull description of "free groups".

In § 2.1 of this chapter we give some elementary
definitions, and discuss free groups and their proverties.
Having developed some elementary but imparfant properties
of free groups (such as their existence), We also give two

theorems which will be basic tools for the latter chapters

of our dissertation.

In §2.2 we discuss the notion of a presentation of

a group.

2.1. Free Groups 3

Let X be a non-empty arbitrary set. For each x € X

(19)
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define a new symbol x~ 1 and make no distinction between x
and xl.

An X-word is a finite ordered succession of symbols

of the form 38

where repetitions are permissible.

The positive integer 'n' is called the length of the

word.

A word is said to be a reduced word, if it is of the

form ¢

“€is1

£,
: i
X, eee x , inwhich x; # X571 ’

Thus a word is a reduced word if it does not contain any

pair of the form xx~t or x ix.

A word having po symbols in it is called an empty word
or a null-word. An empty word is usually denoted by the

symbol 1. Obviousg¢ly an empty word is a reduced word.
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vV=y Y cee Vg s YZL=:’;19 y; € X

be two X~ words. The product wuv is defined as the X-word

given by

€ £ Ty Tn
uv = xl o e o0 xm yl cewe yn

The X-words u and v are said to be identical if m = n,

Xi = yi, Ei = Yl; for i = 1,2,3,,.,, m., If they are not

identical then they are said to be different. Also u and v
are said to be equivalent and denoted by u ~ v if v can
be obtained from u by inserting or deleting a finite number

of X-words of the form xx-l or X X

The equivalence between X-words defines an equivalence
relation on the set of all X-words. The equivalence class
containing the X-word u is denoted as usual by the symbol

[u]. It can be seen that equivalence class contains one and

only one reduced word. The product of two equivalence classes

[u] and [v] of X-words is defined to be the class [uv].

The product of two equivalence classes of X-words is

well defined, and the set of all equivalence classes with

this binary operation forms @ group.
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The vroof of the above result is as follows

First we show that if [u’] = [u]

[v], then [uv'] = [uv]

and [V/]

[u]

]

[ul = uW~u= [W]=1[u ]

/ . . /
because u'v and uv are equivalent if u" and u are

equivalent, Similarly
[viI=[v]l= viev = [uv]=[uv]

Thus [u'v'] = [ uv].

Next we verify the group axioms.
1) Closure ¢ It is obvious.

2) Associativity s

[ul ([v][w]) [u] [vw]
= [u (vw)]

= [(uv)w]

1

[uv] [w]
([ullv]) [w].

fi
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3) Identity s

Let [1] be the class containing the empty word. Then

[1][u] = [1u] = [u],

[ull1] = [ul] = [u] .

therefore (1] is an identity element.

4) Inverses 3

€ €
1 n
Let u = X37 eee X, Ey = 4 l, be any ¥X-word. Then
-€ =g
n 1
uxn eoco Xl ~ 1 »
-E -£
n 1
X n oo xl u~1
and SO
-£ -£
n 1
[ u Xn o oe xl ] = [1]
“€n &1

-€
so that [xn noo... Xy 1] is an inverse of [u].

Let X be a non-empty #zt, the group of all equivalence
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classes of X-words under multivlication of equivalence

classes is called the free-groun on the set X. Now the free-

groun on X may be considered as the groun of the reduced

X-words under multiplicafion defined as follows ¢

€ £
1 m T4 Tn
If ule ooo Xm ,v=y1 oo e yn9 eiyl‘i =i].'

are two reduced X-words, then their product uv is taken as

the reduced X-word obtained by deleting in

€ € £
1 2 m 1y Ta
xl x2 eo0o xm yl e 0o yn

Let F Dbe the free-grouo on a set X. Since every

element of X is a reduced X-word, the set X may be considered

as a subset of F. This leads us to the following observation:

In the free-—group F on a subset X every element can be

expressed in a unique manner in the form
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€4 “€i41

where  x;° £ X ;14 for 1 i€ k-1, i.e. every

element ( # 1) of it can be expressed uniquely in the

form

€ o
k
xll o e 0 Xk [ Xi e X’ Ei = i l 9

€ -€,
i 1 .
where x;° # X iiI for 1 £ i ¢ k-1.

i.e. every element ( # 1) of it can be expressed unigueix

in the form 3

"y Ny nm
X Xy cee X ’ X3 € X where
. 'S
and the n are non-zero integers.

Let G be any group and X a subset of G such that
G is isomorphic to the free group F(X) on the set X. In
such a case also we say that G is a free group. Then
the set X is said to be a set of free-generators for
G and sometimes G is said to be freely generated by the

set X. The following are the differences between free

generators for a group and ordinary generators for an

arbitrary group.



26

An element of a free group is expressible in a
unique manner as a product of powers of its free gene-
rators, but for an arbitrary group the expression for
an element as a product of powers of its generators
need not be unique. Because of this there is no rela-
tions among the elements of a free group, but for an

arbitrary group there may exist some relations among

its elements.

It is easily seen that if there is a one-one

correspondence between two sets X andjxf, i.e. if there

4
is a one-one and onto mapping X - X , X; x; s then

the free groups F(X) and F(X') are isomorphic to each

other.

Theorem 2.1.1.

Every group is isomorpvhic to a factor group of a

free group (i.e. A group is always a homomorn»hic image

of a free group.)

Proof ¢ Let G Dbe an arbitrary group with a set of

generators S. Let X be a set i.e. it corresponds

with S such that

xiHSi’ xiexg Sié S.
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Let F(X) be the free group on the set X. Let

us define a mapping

@ s F(X) = G such that

Since every element of G is an image of some
element of F(X), hence the mapping @ is onto. Also it is a
homomorphism 8

€ € € €
1 Kk 1 k
Let ¢(xl 000 k )

i
7]
| o
L)
°
[}
]
P
4
m
o
n
I+
)

1 1
and ﬂ(yli oo YQ"?Q ) = 'tll eco tlﬂ ’ Yh:

I+
=

and ti € S. Then

., € € 11 e
g (xll e 0o a xkk yl LI ] YI )
> € 1y n
= Sll cee Skk tl - e e e ti ['

€ €
B(xt e 1) By ns y;_Zﬁ )

Therefore @ is an epimorrhism from the free group
F(X) onto G. Then by the fundamental theorem of homomor-
phism it follows that




e

G‘E’F(X)/K, where K is the kernel of @ i.e.
1
K = Kel" Q °

From the above theorem we have

F(X)/K = G, K= ker @ .

My e nk )
Moreover Xy X5 coe X is a reduced word (element)

of K. So in G there corresnonds a relation

Ny R
s

1 cee 8, =1 ( Xy &> sy )

between the elements of S.

Suppose that the kernelysK is generated by a subset
N. A system of relations that corresponds to the words

in N is called a system of defining relations of G. A

group G is completely determined by its defining relations.
Since the set N completely determines the normal subgroup

K of the free group F(X) and therefore F(X)/K.

Since every grouv is a factor groun of a free group,
every groub can be given by a system of defining relations

connecting the elements of a set of generators,

Theorem 2.1.2 ¢ (Von Dyck's theorem)

If a group G is given by a system of defining relations,
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B
ad if a graup u’ is given by these definirng relabions

and some further relations in the same symbols then the
group G/is a homomorvhic image of the grouv G.

Proof ¢ We know that the free groups on two equivalent

°

sets (i.e. sets having a one-one corresnondence between
them) are isomorpﬁic to each other, and that two isomorphic
free groups may be considered as the same free group (with
the under lying isomorphism between them). Since G and e’
have equivalent sets of generators, the groups G and G/
can be rerresented as factor groups of the same free group
F (by theorem 2.4.1.). Then G = F/K, and G,Q’E/KI, where

K and K/are the kernels of the corresponding epimorphisms
from F %o G and from F to G: By the condition on the

/
defining relations of G and G we have K g'K,.

/ /
Since K and K are normal in F, K is normal in K .

By the first isomorphism theorem

¢ = F/K'Y (F/K) / W F N

/
where N = K /K .

/
Thus G 1is a factor group of G. This implies that G/

is a homomorphic image of G. Hence the proof.

2.2. Presentation of Groups @

A set of generators together with a system of defining



30

relations for a groun is called a presentation of the group.

A presentation that consists of a finite set of generators
anc¢ a finite system of defining relations is called a finite

presentation. Otherwise, a presentation is said to be infinite.

>

Thus a presentation for a finite group G is an ordered
pair ¢ x‘g R> where X is a set of generators for G and R is

a set of defining relations for G.

Finding a vresentation for a grouo is not an easy task
nor does there exist a single method which is generally
annlicable to all group. Now-a-days the comnuter is also used
in many cases for finding presentations. We explain below a
mechanical method for finding vresentations, which is sui-
table for computer programming. [Coxe:‘ter and Moser, 1965,
pp 12-16]. Throughout this section E is used to denote the

identity of a group and capital letters are used to denote

elements of a group.

The principle of the method is as follows. Let us suppose

that the relations

B Sy Spr wes S < E (k=128 (221)

are proposed as an abstract definition for a given group G
of order g. In ovractice, these equations are obt%ined by
taking a set of generators of G and observing some of the

relations satisfied by them. It is natural to select relatious
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of a simnle form, such as those which express the orders of

generators or of simple combinations of them. The number of

relations to select is a matter for exveriment, and the

"hethod of cosete” is the way to test the success of the

/
experiment. If the grouv ¢ defined by (2.21), is not itself

isomornhic to G, it possesses a normal subgroun G1 such that

/
the factor group G/G is isomorvhic to G. In all cases the

order of G is at least g. 1If we can verify that the order

of ¢’ is a1t most g, it will follow that G is isomorphic to

G. To test whether this is or ije not the case, we nick out

/
a subset Ty, Ty eces T, of elements of G such that the

relations (2.21) imply the relations

hy ( Tqys Tpy eoe Tn) =E (1 =1,25000 t) (2.22)

which are already known to be an abstract definition for a
group H of order h € g. Conceivably the relations (2.21)
imply other relations between the T's indevendent of (#2),

in which cqse the subgroup H of ¢’ generqted by the T's

will not be H but some factor group H / Hy . In all cases

the order of H is at most h. We now consider the sets of

elements H.R- obtained by multiplying the elements of H on

the right by the various elements of G Two such Setc

either coincide or have no common member, and every element
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/
of G belongs to at least one such coset. There will be at
le st g/h different cosets (otherwise the order of G would
be less than h.g/h = g). If we can show that there are in
fict exactly g/h distinct cosets, then the order of G, will

/
pe at most h.g/h = g and it followsthat G and G are isomor-
phic.

Let us expand each g, of (2.21) into a product of the

generators and their inverses,eg., (S%SEZ)2 will be expressed

as

-1 &=1
Sl Sl Sl 32 32 o

1 1

S) 51 51 ST 5

Such an exoression, involving e factors gil , serves as

the heading for a table of cosets having C 4 1 columns]).
Each factor occurs between two adjacent columns (as en page

We denote the cosets [in an order to be defined soon)

35).

by the numerals 1,2,3, ... If two such numerals, « and 8,
#1
occur side by side in the pair of columns headed by S; ,

+1
we understand that a. S; = B. Thus{ if o is given, we can

1 . .
insert B = a - S% sy but if B is given, we can insert

+1
o = B sI . The first and last columns of each table are

identi cal.

The coset 1 is defined as the subgroun H, and this

irformation is out into every table. Thus, the information
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that we have to besin with 1is

1. T, =1 ( j=121,2,0.05 1) &

Before proceeding we make sure that the number 1 appears

in every table in every essentially different position.

The coset 2 1is defined as the set 1.R where R is a suibably
chosen element of G/not belonging to H. This is done by
inserting in one of the tables the number 2 in some (suitable)
unoccupied place which 1s preaeded or followed by the number
1. We now (and at all times) fill up as much as possible of
all the tables before defining the next coset, in this case 3,
and make sure that 2 appears in every essentially different
place in every table before proceeding. When some new infor-
mation is won, as happens: when a row becomes complete, it is
immediately put into the tables. When all the tables are com-
pleted, the process is at an end. If the number of cosets does'
not exceed g/h, our experiment has been successful : G and G/

are not merely homomorphic but isomorphic.

Examples 3

As an example of the enumeration method, consider the

alternating group A;, of order 60, generated by the permuta-

tions

S=(2 5 4, U=(1 2 3 4 5),
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Since SU = (1 2)(3 4), these generators satisfy the

relations
83 = U5 = (SU)2 = E 9 ® 0o 0 (2 02'3)

which we pronose as an abstr=act definition for A5. In order
s . .
to show that the group G defined by (2.23) is of order 60,

we take for H the subgroup of order 5 generated by U. The

tables with 1,U = 1 inserted aBe

SSS'UUUUU S U S U

1 1 1 1 1 1 11 1 11

Note that the symbol 1 (meaning H) appears in each table
in every essentially different vosition. We define the cosét

2 = 1,8, and insert this into the tables to obtain

S S S u U U u u S U S U

1° 2 1 1 1 1 1 1 1 1 2 1 1
2 2!2 2

Note that in the second and third tables we have vlaced a
2 in a new row so that the tables contain 2 in évery essen—

tially different vosition., Befine 3 = 2.S. The first table
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30 The

yields 3.8 = 1 3 then the third table yields 2.U

+table become

s S S U u uuu [ s U s U

2 3 1 /12 111112112 31 1

2 3 2 |2 3 2

Continuing in this manner, we define, in order
®

Ll' = ijy 5 = 4‘89 6 = 508 9 7 = L;.U’ 8 - 7.S ,

10.s8, 12 = 11.S.

9 = 8.8, 10 = 90U, 11

when the coset 12 has been defined the tables become

R S .

1 > 34. 11111112311
7 s 97 6 9 10118 6|6 4 7 86
o 11 12 1212121212819 7569

10 118 9 10
12 10 11 12 12

The #able have ' closed up” and hence the order of ¢ is at

most 60, as desired.
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Obvinausly, it is desirable to choose the subsgroun H
as large as nossiblej but in an extreme case it may consist
only of the identity element.

It may havonen that the nrofosed definition of G
contains some relations that do not explicitly define the

periods of the generators or of simple combinations of then,

i.e. the relations are not of the form

r r r P
1 2 m
(Sl S 2 oo sm ) = E.

For exampnle, suppose we wish to show that the order of the

gquaternion groun
R = §° = T° = RST e (2.24)

is in fact 8. Before proceeding with the enumeration we could

change these relations to the form
2 =2 - -1 -
R 572 = §°72 = s ™ = E ;

put it 1s not necessary to do so. We may simnly set un our
tables as
RRIS slTT
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and make sure that the four tables all have the same first

column and all have the same last column. The tables for

o0

this groun, with {E} as the subgroun, are

R R S S T T ’ R S T
1 2 5|32 3 s|1 4 5|1 2 & 5
2 5 71 2 4 7] 2 6 712 5 6 7
3 8 6l 3 5 6| 3 2 613 8 2 6
4L 3 8| & 7 8 | &4 5 8 | & 3 5 8
5 7 1| 5 6 1|5 8 115 7 8 1
6 4 31 6 1 31 6 7 316 4 7 3
7 1 2| 7 8 2|7 3 217 1 3 2
8 6 41 8 2 4 | 8 1 4|8 6 1 4

[

Hence the cosets have been defined as follows ¢

l.R = 2,198 = 3’10T = L“, ZoR = 5, 20T = 6, 5'R = 79 3.R = 80

The table close up after the coset 8 has been entered, and

hence the grouo defined by (2.23) is of order 8,

We close this chapter with a 1list of presentations for

some familiar groups of small order (Eoxeter and Mosers

1965) 3
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Table 1. ¢ Some non-abelian groups of order less than 32.

Order Descriotion Abstract definition
6 K-metacyc lic 221 = (s7) = E
8 Dihedral s* 2 1° - (s1)? = E
8 Quaternion =T = (S‘l’)2

10 ZS-metacyclic P = T = (ST)2 = E
12 Dihedral -1 . (s1)? - &
12 Tetrahedral s2 = 1% = (sT)? = E
12 ZS-metacyclic 57 - T = (s1)°

14 ZS-metacyclic s7T = ™° = (s0)? = E
16  Dihedral 8 -1 - (sT)? = E
16  Dicyclic s* = 1% = (s7)?

18  ZS-metacyclic s = T° = (sT)° = &
18 Z-metacyclic s3 . 1. E, 71sr - 571
o0  Dihedral s10 _ 72 _ (s7)° = E
20 K-metacyclic PE L E, T ST = 52
20 ZS-metacyclic S? = T° = (S‘I‘)2

21 ZS-metacyclic 3 _ g, T lsT = S°
22 ZS-metacyclic sll_ T - (ST)2 = E
o4  Dihedral si2. 2 . (s1)% = E
o4  Octahedral s =™ = (sT)° = E
24 Binary tetrahedral R3 - s = (RS)2

24 ZS-metacyclic ? = T = (s7)°
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Contd... Table 1

Order Descripntion Abstract Definition
24 Dicyclic - 1? - (s1)?

26  zS-metacyclic st3. 7° - (s7)° - E.
28  Dihedral st. 12 _ (s1)2 - E
28  ZS-metacyclic s7 = 1° - (s7)2

30 ZS-metacyclic T2 = E, TST = S[+

30 ZS—-metacyclic ° - E, TST = 54
30  ZS-metacyclic sto. ° - (s1)° - E.
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Table 2 8 Alternating and Symmetric grouns of degree less than 7.

Group Alvstpact Definition Generators
Ay s = E S=(12 3)
S5 R = 82 = ®S)? = E R=1(12), S= (12 3)
Ay, R = 87 = (RS)? = E R = (12)( 3 4),
S =(234)
2 .52 - 1" = Rst 12
Sy, R = 8”7 = = RST = E R=(34), S=(1L2 3)
T= (4 32 1)
A R® = 82 = RS)? = E R =(12)(4&5),
S = (l 3 4)
3
5. RO = s* = (8S)Z = (R%5D) =E R = (5 4 3 2 1)
S = (12 3 4)
A Ad= BY=(aB)?=(a" 18" 1aB)2E A = (13 5)(2 4 6)
B=(1L4)(2635)
S¢ A2=136=(A.B"1AB)3 A= (12),
4
~(aB~1aB%) = (aB)> B=1(123456)

2
E

2 2
- (AB™°AB%)




41

Table 3 s The groups PSL(2,n) for 2 € p € 30
P Ordezar "' Generators (mod p) Abstract definition
p(p~-1)/2
3 12 S=1 32, =2} ) s =1 = (s7)> = E
5 60 S = (i 8) T = (O 1) 2 =T = (ST)? = E
7 18 rR=C ), s5-0E ) rISre®
~R™1s)4 - E
11 660 S % S) T = (91 %) stl - 1° = (s1)3
- (s*1s01)? -
1 - 2 ¢
= (5°T)° = E
5
17 248 S=(5 _9) 1. (:§ ) s9.1%=(s1)*
| ~(s°1)? = E
2
19 3420 S = (g g), T = (fg fh) s7= T° = (ST)°
= (s71rsm)? -
11 .2
03 go72 S = (3 g), T= (2 99) S*=T° = (ST)>
= (s~lrsTy4e
-7 12 2
29 12180 P = (1Z %0-) p’ (p @)3 (PBQ)Z
Q= (2 9 = (pd%)? = E




CHAPTER 3

THEE QUATERNION GROUP AND ITS PRESENTATION

This chapter is of a preparatory nature to obtain the
r esults of the final chanter, being devoted mainly to defini-
tions and basic proverties of the quaternion grouns, including

derivation of a presentation for such a group.

In §3.1 we define a generalized quaternion groun and
find a presentation for it. This is followed by § 3.2 in which
we give some basic properties of the guaternion groups. In
g§3,3 we give a permutational reoresentation of the generalized
guaternion group which will helo us in determining the conjugacy

c lasses of the quaternion group in chapter 4.

3.1, The Quaternion group

In 1896, Adolf Hurwitz published a highly interesting
papef(ﬁber die Zahlentheofie der quaternionen” (Nachrichfen der
cesellschaft der Wissensch, Gottingen 1896, p 313-340), in
which he developed a factorization theory of "interer quaternions"”
ed it to the problem of revresenting interfers a5 sums

and aonpli

of four squares. In 1919 Hurwitz elaborated his ide~s with full

(42)
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proofs in a very nice booklet entitled "vorlesungen lber die

zanlentheorie der quaternion@n" [Waerden B.L.vander; 1985].

In 1621, in his edition of the Arithmetica of Diovhantos,
C.(.Bachet noteé that apparently every integer is either a
square Or a sum of 2 or 3 or 4 squares, Later authors called
this assertion "Bachet's theorem". Bachet verified it for all
integers up to 325. If zero terms are allowed, we may say

that every integer N is a sum of four square ¢
N=82+x2+y2+z

The first proof of this assertion was 'given by Joseph -
Louis Lagrange in 1772 (Oeuvres 3, p. 189-201). One year
r, Leonard Euler presented a simpler proof (Opera omnia,

Vol. 3 p. 218-239).

1ate

pars primna,

A purely algebraic proof was given by Hurwitz by means

of his number theory of integer quaternions. Hurwitz defines

A quaternion

q=5+ ix + Jy + kz

with rational coefficients s, X, ¥, 2 1s called intecer, if

the coefficients are either all integers or all of the form

j, k satisfy i° - 32'_ -1
9

E%l The four units 1, i,

1j = =31 = k. In other words & integer quaternions are the
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linear combinations of ,P = % (1+i+ j+k), i,j, k.

Quaternions with complex coefficients are called by
Hamilton biquaternions. [ W.R. Hamilton t Lectures on quater-
nions (1853), art. 669]. The algebra of these biquaternions
is isomorvhic to a full matrix ring over the complex number

field, for quaternions a + ib + jc + kd with comnlex coeffi-

cients a,b,c,d can be represented by matrices

a + bi - + di

c + di a - bi

We can define a quaternion group as a subgroup of the group
GL(2,¢) generated by all 2 x 2 matrices over the complex

field. For this let us give a brief description of the GL(2,c).

The set of all n x n matrices with real numbers as
entries forms a groun under matrix multiplication. Each matrix

A in this group determines an invertible linear transformation

£, s R" - R®  defined by

£,(x) = x5 for all vectors

X = (xl, ceosy xh) G:Fgl , where t stands for transovose,

Since
t,t
£,5(x) = x (aB)Y = xBA" = £, (£5(x))



45

we see that the product matrix AB determines the composite

linear transformation fAfB + Conversely, if

n n
f ¢ R -R is an invertible 1linear transformation,

and if A is the matrix which represents it with respect to

the standard basis in both copies Rn, then A is invertible
and £ = f, . For these reasons the group is called the general

linear group, GLn . If we wish to emphasise that the entries

211 have real entries, then we write GLn(R)° Changing R to C

gives the corresponding group GLn(C) of n x n invertible

complex matrices.

Matrix multiplication is not commutative for n > 2, so

we have a family of infinite non-abelian grouns

Definition 8 A quaternion group is a subgroup Q of GLQ(C)

generated by the matrices 3

; -1
&=0 S0 =01 o

42 = -1 [Johnson]. Now we have |§: | = 4 and rLeft<§> 5
. 1

where
we ha i B
t ore e ve = - =
so that }al > 8. Furthermore, 7 F and n ?Q § p

so we hopefully put

G = <a,bla’ = e, a2 = % = (ab)%, p7lab = a1 ) (1)
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and use the substitution test to obtain the epimorphism :

-~

Os ¢ -a

a~&

b~ VL

To show that () is an isomorphism,we merely have to prove

that |Gl £ 8.
To do this, it will be sufficient to show that any

element of G is equal to a member of the set
u = {aibj |l 0<i<3 0£35<1}

It follows from the relatiins in £1) that u is closed
+ 1

under post multiplication by a and b .

For example,
(alb)a = 22papb™t = atafamlb™t = altly,

1

. + +1
us uw ¢ u ‘for any word w in { a=", }

b=

Th

Since these words cover G ( by San) and e ¢ u, we have

G = eG g uGgu, as required.

The grouo generated by (1) satisfies all the requirements
for our proposed groun of order 8(above) and we have just
shown it is isomorphic to the concrete Q - calleq the quater-

nions.
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For n an integer > 2, we define the generalized

quaternion groun Qn to be the subgroup of GL(2,c) generated

by the matrices

where w = €

Theorem 3.1.1 [Johnson]

The generalized quaternion group Qn is of order 4n

has the presentation 3

2 - -
€a,bl a2n= e, a? = b2= (ab)~, b Lab =a 1, (2)

Proof § Letting G be the grouo presented by (2), we see that

a™ =.b2 commutes with b, and so

b n
0o (2 = (a?) =a, that is

azn = e in Go

Thus the quaternion group @ is just Q4. We proceed as the

above example, and observe that mavping a,b to g ;y1 res—

pectively yields a homomorphism from G to Q.. That lQn| > 4n

follows from the fact that a is a primitive 2nth root of
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unity and 4’¢ <§) .

Finally the proof that |Gl € 4n differs from the above

only in the choice of

u = {albj Po<i<2n-1,0¢ €11}

3.2. Properties of Quaternion group and generalized

quaternion group ¢

In this section we shall give some interesting'properties

and results of the family of quaternion grouvs .

We have defined quaternion group as grouv of order 8

with generators a and b which has the following defining

relations

1 -1

a% = 1¢e), a2 = b2 = (ab)?, b lab = a

Its eight elements are

2
19a9a9a3

b, ab, a2b, a3b
If instead we write
1, i, -1, =i
JD k’ -Jv =K
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and set =(-1) = 1, =(-i) =i, =-(-3) = J, -(-k) = k then
we have the following calculation rules 3

2
l.x = x.1 =%, . =-l.x= ¥.(-1) = -x, (-1)" = 1,

2 2 2 -1, ij=-ji =k, Jjk=-kj=1i,

Theorem 3.2.1. The Quaternion group has exactly 24 auto-

moronhism [Zasenhausl.

/

/ / /
Proof ¢+ If A is of order 4 and B is of order 4 and if A , B

generate the whole quaternion group then

2 2 2
/ ’ Y,
AN =B = (AB) = A?

Pherefore all the calculational rules which are valid for
power products of A and B also remain valid for the coryes-

/7 /
ponding power product of A and B ,

/
Since A: B/ generate the whole group, <€A > g a pormal

subgroup of index 2 and every element can be written upiquely

in the form 3

PLY g™ (0 V<L, 0L M2

Therefore the mapping
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v M Y M
A B - A B

is an automorphism of the group. The number of all automor-

{
Shisms is equal-to the number of pairs A, B . It follows by

simple enumeration that the qua-ternion group has exactly
24 automorphisme

The automorphism group of the quat&mion group is isomor-
phic to SA’ the symmetric group on four letter. Next we shall

give below some of the findings regarding the general quater-

nion groups Qn and also try to prove some of them.

i)  The order of Q) is 4n .

ii) The only commutative group is Q1 i.e. Q, n>?2
n? -

is non—c0mmutative.

iii) The centre of any quaternion groun has order 2,

2

It contaihs the elements e and a? = be.

iv) The order of an element of the form alb, 0 < i ¢ 2n

iS L"
v) Qn contains Dn’ the dihedral group as its subgroup.

vi) The commutator subgroup of Q is'a cyclic group

5 .
generated by a and is of order n and hence a quaternion group
ngth 2 ioeo

has a defived series of 1le
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/ 7
Qn Q Qn g Qn= {e}°

%

So a qud‘ternion group is a metabelian groun. The proof

of (iv), (v) and (vi) are given below 3

Proof ¢

e

(iv) Let la'bl =m, 1 &1 <2n

R
Therefore (ab) =1

Now (aib)2 - (a'v)(alb)
- a1? (v lalp)
- aiana--i( . . b2 _ an’ b-lab _ a'l)
= an
(av)” = (ab) (a'b) (a'D)
= a aib
_ n+ib .
(aib)h = (aib)(aib)(aib)(aib)
= an an
= a2n =1



Therefore (a

‘ﬁez,(a
Similarly (a

Therefore:

m
(alb)
nm
@ither @&

or a

In the second

\n
=

1)® = (atp) (alp) -ov 2DI(@D)

T

m . times

{(a’b) (alp)} - {(alb) (alb)}

]

28 ... &t » if m is even
""""—'"_w,_‘__/

m/5- times

if m is even

(a™)

I}

nm/ -
fs
= a , if m 15 even

: mn/
)" = a “ , if m is even

m--1 ;
ne+i

.om
th) = a b, if m is odd.

= 1 implies

"+ 1 if m is even

n+ i
b =1 if m is odd.

case i.e. when m is odd, we have

-1 - m—-1l

- n
a
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which is not true ‘as @ is non-cyclic., So m can not be odd.

Therefore we must have m even

nm
and . aﬁ—cl
ie. =3 0 mod 2n
or gﬁ = 2ns s 21
or m = 4s
Since the least value is taken as the order, so m = 4 .48
N

the order of an element of the form aib, 0<i<2n

(v) We know that there exists a homomorphism (natural
nomomor phism) ¢

5ian - an/zn) [ =%z ]

where z(@n) is the centre of Q .

Let us define this homomorphism by

a - aZ = X (say)

(say)

o
i
o
N
]
<

Now /& (an) a2z =12 (since ae Z)

n
Therefore, X = €-
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2 2
g (b ) = (bZ) = bzz = Z (Since an = b2 c Z)
Therefore y- = e
2 Vi
@ (ab)” = (ab)Z = 2 ( Since (ab)2 =ale z2)

Therefore (xy)2 = e.

By Von pyck's theorem (theorem 2.1.2) Qn/z is generated by

x,y such that

n 2 2 -
X =y = (Xy) = 1 9 yX = X 'y
lan/zZl = 2n

Now the dihedral group Dn has the same presentation as that

of Qn/z and the order of Dn is also 2n. So there exists an

isomorphlsm from

Qn/z - Dn as such

an/, = Dn .

Hence the quaternion group Qn contains Dn as its subgroup

(vi) Any commutator of @ is of the form lalb, adb]

Now (aib)"l (a‘jb)"1 (aib)(ajb)

= bt a~t b=t a”d a'p ( a’b)
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v lat @ tamI*p)  (adb)
= p L gt adtadp

_ b-l a23'—21 b
212

,2(i-3)

even powers of a for all i and j, j € i

which shows that the commutator subgrouv of Qn is generated

2
by a -

3.3. Permutational representation of the guaternion group.

In this section we shall give a vresentation of the
quaternion group as a subgroup of §, . Though it can be
represented by permutation group of lesser degree, but for

our computational convenience we give the following presenta-

tione.
Let Qg be a quaternion group of order &4n, having a
presentation
_ ) N —1

where - a and b are two vermutations. Let G = <x,y > be a
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group with generators

x=(1 2 3 eeo 2n) (2n+l 2n+2 ... 4n)

( 1 4n-1 n+l 2n-1)( 2 4n-2 n+2 3n-2 )

<
i

00000 (1’1 3n 2n ll'n) .

Now we claim that the group G contains the following distinct

elements 3

2
y = xany Xys X Yy oo

we shall show that the above elements are distinct,

Tt is obvious that the elements of the type

xi, 161 $2n are o2n distinct elements of G and the elements

-

of the type ny, 0<£3J § 2n are also distinct,

We are left to show that any element of the type

xi, 0<1i¢< on is not equal to any element of the type xjy,

0<£J € 4n.

1f possible let,

i_xdy, 0¢i<2n, 0<j<2n, 1i#;

L
|I



&b

which is impossible as the group is non cyclic. So all the

Ln elements listed above are the 4n distinct clements of G.

Now we shall show that the grouo G is - " isomorphic to

the Quaternion group Qn of order &4n.
Let us define a maopling

g Q - G

such that @(a) = x and #(b) =y

Since G and Qn have equivalent set of generators, therefore

Qq is a nhomomorphic image of G [ using Von Dyck's theorem
n
(theorem 5.1.2)] that is @ is an epimorphism. Also @ is one-

to one, pecause the order of G is equal to the order of Qn°

Hence @ is an isomorphism.



CHAPTER 4

NUMBER OF CONJUGACY CLASSES AND MEASURE OF QUATERNION GROUP

In Chapter 1 we defined the JosEph measure of commu~
tativity for a finite grouv and also gave a theorem for
determining the Joseph measure for a finite group with
the help of conjugacy classes of the groun. In Chapter 3
we defined a quaternion groun and gave a permutational
representation of the group. As we know that [M.A.Armstrong;
1987] the conjugate permutations have the same cycle struc-
ture, so a permutational representation of the groun will

help us in determining the conjugacy classes of the group,

In this chapter we are going to list the conjugacy
classes of Q for some small values of n. This result defi-
nitely helps us to guess the conjugacy classes of Q for a
fixed n and depending on that 'guess' we shall generalise
a result about the number of conjugacy classes of Q, for
every n € N. We shall finish this chanter by determining

the measure of the quaternion group Qn'

4,1. Listing of conjugacy classes

In this section we 1list the conjugacy classes of Q,

(56)
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for some small values of n .

i) when

BElement

Element
Element
Klement

Element

Element

Element

Element

no.

no.

noe.

no.,

no.,

no.

no.,

no.

——a

2

1)

2)
3)

4)

5)
6)
7)

8)

it

(L735)(2648)

(12 34)(5 67 8)
(1 3)(2 4)(5 7)(6 8)

(L432) (5876)

(1638) (2547)

(1) (2) (3) (&) (5) (6) (7) (8) = a* = e

aAb =b

a

ab

2

(1537 (2846) =ab

(1836) (27 45) =a

The conjugacy classes &

Class no.

Class no.

Class no.

Class no.

Class noo.

1)
2)
3)
4)

5)

355

6,8 g
2,7

b

Conjugacy classes

for power of b =~ O

Conjugacy classes

for power of b = ]



ii) when n

=3

Element

Element

Element

Flement

Element

Element

Element

Element

Element

Element

Element

Element

no.

no.

no.

no.,

no.

no.

no,

no.

no.

no.

no.

no.

1)

2

3)
4)
5)
6)
7)
8)
9)
10)
11)

12)
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(1) (2) (3) (&) (5) () (7) (8) (9) (10) (11) (12)=ale
(111 4 8)(2 10 5 7)(3 9 6 12)=ab=b

(L2 3456)(789 1011 12) = a

(13 5)(2 4 6)(7 9 11)(8 10 12) = a°

(1 4)(2 5)(3 6)(7 10)(8 11)(9 12) = a>

4

(15 3)(2 6 4)(7 11 9)(8 12 10) = a

]

(L6543 2)(7 1211 10 98) =a
(1 10 4 7)(2 95 12)(3 86 11) = ab
(1 9412)(2 85 11)(37 6 10) = a’b
(184 11)(2 75 10) (3 12 6 9) = a’b
(174 10)(2 1259)(31L68) =ah

(112 49)(21158)(31067) =a v

Conjugacy classes ¢

Class no, 1)

Class no. 2)

Class no. 3)

Class no. 4)

Class no. 5)

Class no. 6)

1 Conjugacy classes
3,7 for vower of b = 0O
4,6 )

5 P

8, 12, 10 ConjugaCyAclasses
2, 11, 9 for power of b = 1
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iii) when n = 4

(1) (2) (3) (&) (5) (6) (7) (8) (9) (10)

Element no. 1)
(11) (12) (13) (14) 115) (16) =a" = e

~1lement no. 2) (1155 11) (214610) (3379)

(412 8 16) = a°b = b.

Element no. 3) (12345678) (910111213 14 15 16)=a

Element no. 4) (135 7)(2468)(9 1113 15) (10 12 14 16)
2

= a

(L4 725836)(912 15 10 13 16 11 14)

=a3

Element no. B)

(1 5)(3 7)(2 6)(4 8)(9 13) (11 15)(10 14)

(12‘16) = ah

rFlement no. 6)

(163852 7)( 914 11 16 13 10 15 12) = a2

Element no. 7)

(175 3)(2 86 4)(915 13 1) (10 16 14 12) =a®

Element no. 8)

Element no. 9) (L8765 %432)(91615 14 13 12 11 10) = al

Element no. 10) (1 14 5 10)(2 13 6 9)(3 12 7 16)(4 11 815)=ab

Element mo. 11) (113 5 9)(212 6 16)(3 11 7 15) (4 10 8 #)=a’b

Element no. 12) (1125 16)(2 11 6 15)(3 10 7 14)(4 9 8 13)=ab




Element

Element

Element

Element

Conjugacy classes

no.,

no.

no.

no.

1%)

14)

15)

16)

Class
Clacs
Class
Class

Class

Class

Class

iv)

no

no

no

o

9

no,

no.

no

o

no.

1)
2)
3)
1)
5)

6)
7)

when n

=5

Element no. 1)

Element no. 2)

N
Q

(L 11 5 15)(2 10 5 14)(3 9 7 13) (4 16 & 12)=a"h
(L 10 5 14)(2 9 6 13)(3 16 7 12)(4 15 8 11)=ab
(195 13)(2 16 6 12)(3 15 7 11) (4 14 8 10)=a®h

(1 16 5 12)(2 15 6 11)(3 14 7 10) (4 13 8 9)=a’n

o
o

1 Conjugacy classes
3, 9 for power of b = 0
L, 8

5, 7

6

16, 16, 14, 12 Conjugacy classes
2, 11, 13, 15 } for powef of b =1

(1) (2) (3) (&) (5) (&) (7) (8) (9) (10)
(11) (22) (13) (24) (35) (15) (17) (18) (19) (20)

_ .10
= = g

(115 6 29(2 14 7 19)(3 13 8 18)(4 12 9 17)

(5 11 10 16) = at% = b .



Element

Element

Element

Element

Elemenv

Element

Element

Element

Element

Element

no.

no.,

no .

no.

noe.

noe.

no.

no

noe.

no.

W
~

4)

5)

6)

7)

8)

9)

10)

11)

12)

(17 14 16 18 20) = a

61

(L2 54567889 10) (11 17 13 14 15 16

17 18 19 20) = a

(L35 7 9)(2 46 8 10)(11 13 15 17 19)
2

(1 47 1036925 8)(11 14 17 20 1316

19 12 15 18) = a°

(1593 7)(? 6 104 8)(11 15 19 13 17)

(12 16 20 14 18) = a”

(1 6)(2 7)(3 8)(4 9)(5 10)(11 16) (17 17)
(13 18) (14 19)(15 20) = a”

(17 3 95)( 1062 8)(11 17 13 19 15)(

(14 20 16 12 18) = a6

(1852963107 4)(11 18 15 12 19

16 13 20 17 14) = a’

(L9 75 3)( 2108 6 4)(11 19 17 15 13)

12 20 18 16 14) = a°

(110987654 32)(11 20 19 18 17

16 15 14 13 12) = a°

(1L 14 6 19)(2 13 7 18)(3 17 8 17)
(4 11 9 16)(5 20 10 15) = @b |



Element no. 13) (1 13
(4 20
Element no. 14) (1 17
(4 19
Element no. 15) (1 11
(4 18
Element no. 16) (1 20
(&4 17
Element no. 17) (1 19
(4 16
Element no. 18) (1 18
(4 15
Element no. 19) (1 17 ¢
(L4 14 ¢
Element no. 20) (1 16
(4 13
Coniugacy classess
Class no. 1) 1
Class no. 2) 3, 11
Class no. 3) 4,10
Class no., 4) 5,9
Class no., 5) 6,8
Class no. 6) 7

18) (7
15) (5

17) (¢
14) (5
15) (2

13) (5

15) (2
12) (5
14) (2

11) (5

13) (7
20) (5

12) (2

19) (5

11)(?
18) (5

1?

11

18

17

19
16

15

17
14

16
15

15
12

7 17)(3 11 8 16)

2

- 10 14) = a b

7 16)(3 20 8 15)

10 13)¢ = a°b

7 15)(3 19 8 14)

10 12) = ahb

7 14)(3 18 8
10 11) = a’b

3 7 13)(3 17 8

10 20) = ab

7 12)(3 1€ 8
10 19) — ab

7 11)(3 15 8
10 18) = atb

7 20)(3 14 8

10 17) = a’b

Conjugacy

for power

13)

12)

11)

20)

19)

classes

of b =20



Class no. ) 17,

Class no. 8) 7, 19, 17, 15, 153

v) when

lement

Element

Element

Element

Element

Element

Element

Element

no.

1o .

no.

no.

no.

no,

no.

no.

?)

4)

5)

6)

7)
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20, 18 16, 14 g Conjuincy clasfes for

nower of b = 1

(1) (&) (3) (4) (5) (6) (7) (8) (9) (10)
(11) (12) (13) (14) (15) (16) (17) (18)
(19) (20) (21) (22) (?3) (24) = a¥ « o,

(125 7 17)(2 22 8 16)(3 21 9 15)
(4 20 10 14)(5 19 11 15)(6 18 12 .4) = 17y

(L2 345678910 11 12)
(13 14 15 16 17 18 19 20 71 22 23 o4) _ ,

(1357911)(2 468 10 12)
(13 15 17 19 21 23) (14 16 18 20 22 24). 42

(1 4710)(2 58 11)(3 6 9 12) (13 16 19 27)
(14 17 20 23)(15 18 21 24) = g7

(15 9)(2 6 10)(3 7 11)(4 8 12)(13 17 27y
(14 18 22)(15 19 23) (16 20 24) - ™

(1611 4927125 10 3 8)
(13 18 23 16 21 14 19 24 17 22 15 29 = a5

(1 7) (4 10)(2 8)(5 11)(3 9)(6 12) (15 10y
(16 22) (14 20)(17 23)(15 21)(18 24) ~ 5



Element

Element

Element

Element

Element

Element

Element

Element

Element

Element

no.

no.

no.

no.

no.

Nno .

no.

no.

no.

no.

10)

11)

12)

13)

14)

15)

16)

17)

18)

oL

(1832 1051° 77 9411 6)
(13 20 15 72 17 74 19 14 21 16 73 18) = a’

(19 5)(7 10 6)(3 11 7)(4 17 8)(13 21 17)

(14 27 18)(15 23 19) (16 24 20) = a°

(L 10 7 4)(2 11 8 5)(3 12 9 6)(13 22 1¢ 16)

(14 23 20 17) (15 24 21 18) = a°

(L 11 @ 75 3)(2 17 10 8 6 4)(13 23 21 19

17 15) (14 24 22 20 18 16) = a0

(1 12 11 10 98 7 6 5 4 3 2)
(13 24 23 22 21 20 19 18 17 16 15 14) = all

(1L 22 7 16)(2 21 8 15)(3 20 9 14)
(4 19 10 13)(5 18 11 24)(6 17 12 23)

It

ab

(1217 15)(2 20 8 14)(3 19 9 13)
(4 18 10 24)(5 17 11 23)(6 16 12 22) = azb

(1L 20 7 14)(2 19 8 13)(3 18 9 24)
(4 17 10 23)(5 16 11 72)(6 15 12 21) = o3

(119 7 13)(2 18 8 24)(3 17 9 23)
(4 16 10 22)(5 15 11 21)(6 14 12 20) = o™,

(1 18 7 24)(2 17 8 23)(3 16 9 22)
(4 15 10 21)(5 14 11 2B)(6 13 12 19) - 2%



Element no.

Element no.

Element no.

Element no.

Element no.

Element no.

19)

21)

22)

23)

24)

65
(1L 17 7 23)(? 16 8 22)(3 15 9 21)
(4 14 10 20)(5 13 1t 19) (€ 24 17 18) = a%%

(L 16 7 22)(2 15 8 21)(3 14 9 20 )
(4 13 20 19)(5 24 11 18)(6 23 12 17)=a’b

(115 7 2)(2 14 8 20)(3 13 9 19) (4 24 10 18)
(5 23 11 17) (6 27 12 16) = a‘b

(1 14 7 20)(2 15 8 19)(3 24 9 18)
(4 23 10 17)(5 22 11 16)(6 21 12 15) = ahb

(1 13 7 19)(2 24 8 18)(3 23 9 17)
(4 22 10 16)(5 21 11 15)(6 20 12 14) = ail

(1 24 7 18)(2 23 8 17)(3 22 9 16)
(4 21 10 15)(5 20 11 14)(6 19 12 13) = aily

The conjugacy classess

Class
Class
Class
Class
Class
Class
Class
Class

Class

no. 1)
no. 2)
no. 3)
no.4)

no. 5)
no. 6)
no. 7)
no. 8)
no. 9)

1

3, 13 Conjugacy classes
L4, 12 \ for power of b = 0
5, 11

6, 10

7, 9

8

14, 24, 22, 20, 18 16 ‘} Conjugacy ciasses

2, 239 219 19, 17, 15 for DOwer of b = ]
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4.2, Determinatiosn of J(Qq) :
1

Fron the above patterns[Ir§4.1] of the conjuency
classes we can "guess' the conjugacy clanses of tre

peneralized quaternion groun Qn of order &4n.

Let us recall that the quaternion proun Qn has the
permutational revresentation <a,b 3 al=e, a' = b?=0m)2
’

where a = (L 2 3 ... 2n) (27N +1 21 +2> M+ 2 3n =2)

(n 3n 2n.  4n)

© © o 0
SN

;} - ’ ! / 9 2.

and the distinct elements of the groun Qn are the following:

2 z 3 an =z 2N -1 2
YL-"—'e,a’a’a""”a sy anbzb’

3b an ——2b

1 © o e O i:l

2
ab, a b, a

The probable conjugacy classes of Qn are

2
Class no. 1) a“t = e
27n -
Class no. 2) a, a 1
2 2N -2
Class no. 3) a , a b
3 en -3
Class no. 4) a’, a
Class no. 5) aA, a“rl"q
5 2n =5

Class no. 6) a’, a

® C O
G & o



- n+1l
Class no. n ) a L,
n
Class no. n+1l) a
. ‘n-1
Class no. n+o) ab, a3b, 15>, ceey A b .
Class no. n+3) b, aéb, a*b, ab, a8b, cee, A n=<y .

If K(Qn) denotes the number o’ conjuzacy classes

of dn, then

K(Qn) = n + 3, for all valuss of n ¢ IN .

We now proceed to give a lozical oroof in sunnort of

the validity of our conjecture.

- o
I. aZn = e, the identity of the grou» Qn. So a'nzeéEZ(Qn),

~

the centre of Qn. Therefore the conjugacy clacs of al

i.e. [a?n] consists of single element a' ", [Since the
conjugacy class containing the elemant a € G i.e. [a]
consists of a single element if ~2nd only if a €Z(G), the

centre of GJl.
Thus class no. (1) is obtained.

. n .
Let us_consider_ the element _a__of Qn,

.

Let aJ, 1¢ 3 S 2n , be an element of un. Then

a . a“ = a™"J = aJ.a" which shows that a®" commutes with

all the elements of the form a’, 1 ¢ j < 7n.



. ) . - . i
Ap2in consider an element of Jn of the orm a'b,

1 §$1i¢Zn 3 then

an(alb) =' an—l'lb

- pa~ (1) (Sirce ab = ba ~)

i bq—iq—n

- ba ta" (Since a Mo ile. an=a_n)
i n . -1

= (ab) a (Since ab = ba )

Thus we have
aan = ana, for all a € Wn
i.€. an = a”l ana, for all o € Qn

i.e..at € z(an)

This implies that a’’ alone constitutes a conjufFacy class,

Thus the class no. n+l 1s obtained.

II. Consider the elements of Qn of the form a,

- - -GS e G- . b S

1<i<€n and n<€ i< 2n . We waht to find the conjugacy

classes of these elements. For this let us compute the

. i .
normaliser of a~ where 1 idn and n < i ( ’n
e onm- o



J . -
Let 2> 1 <3< dn be =nelement oY Qn,

Obcserving

which implies that,

N(al) o { a, a7, @, ..., a7 = e}

ry ~.

we claim that, N (a;) = {a,a", ..., I e}

.

On the contrary, if an element of tre form adb

14 3¢ 2n of Qn belonrs to N(a') then we must have

a1y (adp) =(@dp) a’

I -4 i :
i+3, = pa Ya (since b Tap = a

. i+ -9+
i.e. a Jp = ba ’

al+Jb = a'l+3b (Since ab = ba—l)
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which ig a contradiction to the fact that 1 € 1 € n

and n € 1 <$ en .

g ‘n-— 2
There fore N(a ) = {a,2", ..., a n l, a ge}

Then using €orollsry 1.1.1 of chanter 1, we find that

————

number of elements of the conjugacy clnss [a"] i..e

... lon
x[am:-l- -7, T oh 77

Thus it is found that the conjuracy class containing

al, 1 ¢ id€n,n<€i<€?2n contains only two elements.

Hence the number of conjug=cy classes with only two ele-

. ‘n-7, )
ments is equal to L?,L.= n -1 and these are obtained

in the following way @

Since b Ta b = a~l
i.e. bhlab = azn-l (Since a“ P 1)
2n-1

i.e. a ~a

Here it is to be noted that if two elements x and y

are conjugate to each other then we write X ~vy.

Again b 1a’b -2

i
o
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Simil rly we bhave,

b g n=3

4 cn-4
a

o e o ® o ¢

an—l{ﬁu‘a?n--(n-—l) i e, an—l/\/ N+l

Thus we have the conjugacy classes which are listed above.

III. Consicer the elements of un of the form aib where

1 $ig 2n . For thhis we observe that the normaliser of

i

the elements of the form a'b , 1 &1 2n 3

[FaN

Let us consider an element of Qn of tre form aib,
1<£1ig%2n.

Sunpose aJ e N(alb) where 1 £ j € 2n,

Then (aj)(aib) = (aib)(aj)

adtlp = (ba™t) aY (Since b tab = 471 ;.. ab=ba~1

i.eo.

. 14 w14
i.e. a~'Jp = ba J
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J = 1 = = (SlI’nCe a n=l)

g =7n (Since 1 2 3 < 7n)

Hence {adn’ an} g’ﬁ(alb)

Sunpose trat an elem~r».t of the form ajb belongs to

N(alb) where 1 & j & 7n, j # i. Then

(alb) (adb) = (adb)(a'h)

i.e. al(baj)b = aj(bal)b

ie. atadh . b=2ala"’b, b (b Tab = a

. ie-] j—1
ie. a”d = al

r3-1 2 o
ioeo 32 J':L) = l = a n ( 0.' a n=1)

i.e. 2(5-1) = 2n

i,e« j—-1i=n

i.e. jJ = i4n

Theré?iaib, ajb} c N (aib) where j = i+n .

Finally we get

i ? . .
N(a'b) = {a“"=e, &, a'b, a*b }



vWe determine the nunmter of elements in the conjuracy
eQag;[alb] by similar procecure as that of earlier cases.

1 5 F 1 e ts of tk coni ¥ = r__-L" .
Number ol elements oI e conjugacy classes fﬂD g by

using the Coroilary 1.1.1

= e — — e ——— ——

[ 2 Crll )
1€ |[alb]l = j_—‘fr—f a“
ITI(;1113)|

) i )
Thus the conJugacy class of a b contains n elements.

Now we "find the conjugacy classes of

ab, 1L € i £ ?n in the following way :

Case (i):. Let us consiler two elements of Qn of the form

a’b and aYb where 1 € i, J$&2n and i € j.

Suppose_1_and j both are even and j - i = 2.

— - ————— ——

alb and a'b  are conjugate to each other because

there ig an element al+lb € Qn such that,

(ai+1b)—1 (alb)(ai+1b)
- p a1 ath) (2t )

- v Ity ety

= b_l(ba)(ai+1b) ( °.° ab = ba_l)



i

Y
(]

o

Therefore alb AJan

Thus we have,

Z 4 6 8 2n-2
a

2D ~a'b ~a’b ~a"b ~ ... ~ b ~b.

Case_II s Suppose i and j both are odd and j - 1 =_2.

Consider two elements of Qn of the form alb and aYp
where 1 £ i , jJ<?n and 1 € j.

By the similar argument as in Case (i) it can be shown

that albz\Jan. Therefore
albr\/ajb

Thus we have

ab ~ aBb ~ 85b ~— ooe Na?n-lb.
We have,
N(a'b) = {a2n= e, a”, a'b, i*”b}
n 1l+n
Therefore N(ab) = {e, a ', ab, a b}

and  N(a°b) = {e, a®, a°b, a°*"p}



e,

Hence by the similar vrocedure as that of esorlier cases

the number of elements of the conjugacy classes [ab] is

Ianl

el = Ty~ 7"

-
. S |
and the number of elements of the conjugacy class [a"b] is

oo Iin f.{.'“
l[a‘bJI = T 75 = = = n

fﬁ(a’b}} W

Therefore the conjuracy class of ab contains n - elements

and they are

2 ‘n-1
ab r—x./ajb — asb P 2 - b .

e . - o | k
Also the conjugacy class of a b contains n-elements

and they are

2n—-2

azbfmJaab hda6b/\,.,. ~—a B azb .

Hence aib and a'b donot belong to the fdme conjusacy

e ... g

class when i ig odd and j i¢ even. Thus the total number

e et e gt

of conjugacy classes will be

2n—2

= + 247



7€

Now J(un) is obt ined Dby usine tieorem 1.1 of Chanter 1

—e

and we have the following 3

Theorem “4.2.1.

J(dn) = 2%% ;s for ali n e N

Remarks : I1r n = ¢ then J(an) = 2 .
Convercely, let J(Qn) = z

~

Therefpee we have J(Qn) = % if and only if n = 7. That

o

is wp attains Lthe maximun value of J(Un) and no other

member of this family (i.e. An for n > 1 5 Qn is commuta
=~ .

tive for n = 1) attains the maximum value.

J(Qn) is a monotonically decireasing sequence for n 2> 2

and

1im J(Qn) = lim Ef%

n -p OO n—m



. 1+5/n
= lim —2'* —_
n--<2
_1+0
- E
= /4

Herce we can conclude that the values of J(Gn) lie on

L .
the semiclosed interval ( T» %} for n > 7 i.e.

J(QH)E(%,%I for n 2 7 .
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