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SOLVABLE GROUPS OF AUTOMORPHISMS OF
COMPACT RIEMANN SURFACES

A SYNOPSIS

A surface S is a connected Hausdorff space which is locally homeomorphic to the
complex plane C(= IR?). The surface S is called a Riemann surface :
(i) if there is a collection {U, f}. _ where, for the index set A, {U,} is an open

1EN

covering of S and f. is a homeomorphism of Ul onto an open set in the complex

plane C and
(ii) if, when U; N U; # ¢, then ff; ! is a conformal sense preserving mapping of

f(U; n U onto £(U; N U); that is w = £f; '(z) = ¥(2) is analytic function of z

in £(U, N UJ.). The condition (i) and (ii) are said to constitutes an analytic

structure on the surface S, that is A = {U, £}, _, is an analytic structure on S.
Thus a surface S with analytic structure A is a Riemann surface.

A compact Riemann surface is topologically equivalent to a sphere with a finite
number of handles and this finite number is called the genus of the surface. It should
be noted that there may be more than one Riemann surface of same genus depending
on the nature of the analytic structure. The study of automorphisms of Riemann surfaces
is the same as the study of birational self transformations of algebraic curves. The
automorphisms of a compact Riemann surface of genus g > 2 is finite and its order
< 84(g - 1).

In the study of Riemann surface automorphism groups the theory of Fuchsian groups
play a very important role. Since the early sixties of this century Fuchsian groups are
extensively used in the study of the groups of automorphism (biholomorphic self
transformations) of compact Riemann surfaces of genus g = 2. The lead was taken by
Macbeath. He seems to be inspired by some works on the determination of groups of

birational self transformations of algebraic curves by Hurwitz during the last decade of

the last century. It may be noted that an algebraic curve is equivalent to a compact
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Riemann surface.

In the mean time Fuchsian group theory can be recognised as a standard and very
useful tool in dealing with problems of Riemann surface automorphism groups.

A Fuchsian group is abstractly defined as an infinite group generated by s-elements

X, ..., X, of finite order and 2y-elements a;, b,, ..., a, b_of infinite order fulfilling the

1

defining relations :

S

Y
X = =% =[x ]la;,b;]1=1
i=l

i=1

with the condition,

s(r)=2y—2+i(1—i)>o.

i=1 m.

Such a Fuchsian group is usually denoted (y; m,, ..., m ). The non-negative integer
y is the genu& of the Fuchsian group and the integers m, > 2 are the periods of I'. When
s=3,y=0ands=4,y=0then I is called triangle and quadruple group respectively.
A Fuchsian group K without any finite order elements is called a surface group and if
g is the genus of K then &(K) = 2(g - 1).

If I', is a subgroup of I of finite index then

IfI'=(y; m, ..., m) and K is a normal surface subgroup of I of genus g, then the
quotient group % is called a smooth-quotient of genus g. A homomorphism ¢ from

a Fuchsian group I' onto a finite group G is a smooth homomorphism if the kernel is

a surface group.
The study of the quotients of Fuchsian group is important becayse if a finite group

G is a smooth quotient of genus g = 2 of some Fuchsian group then G acts as an
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automorphism group of compact Riemann surface of genus g. Also the finite quotients
of Fuchsian triangle groups give two generator finite groups, that is groups with minimal

sets of generators in case of non-cyclic groups.

The technique that we have used in our thesis leads us to study the famous minimum
genus problem in the theory of Riemann surface automorphism groups in relation to a
particular Zs-metacyclic group of order 4p?. This minimum genus problem was studied

by Harvey considering the cases of cyclic groups and by Maclachlan considering the

cases of non-cyclic abelian groups.

We now give below a chapterwise brief discussion of the thesis.
In chapter 1, we discuss Fuchsian groups, some important and significant results
and establish the link between Fuchsian groups and Riemann surface automorphism

groups. This chapter also contains some early important result which are necessary in

the field of our study.

In chapter 2, we find some infinite families of two generator finite solvable groups

with short derived series. The main results are contained in the following theorems.

Theorem 2.1.1 [50] : Let T’ = (¢, m, n) be a Fuchsian group where ¢, m, n are
positive integers 2 2 such that (¢, m) =d > 1 and (4, n) = (m, n) = 1. ¢, m, n donot
simultaneously assume the values £ =m =2 or { =m = 3, n = 2. Then for each positive

integer k > 1, I = (¢, m, n) has a solvable smooth quotient G_ of derived length 3 and

of order
(kt)* dn*a"™"'p"" .

Theorem 2.1.2 : Let T = (¢, m, n) be a Fuchsian group where ¢, m, n are positive
' integers > 2 such that ({, m) =d, > 1, (¢,n)=d,>1,(mmn)=1and(d,d)=1(as

(m, n) = 1). Then for each positive integer k > 1, I" admits smooth quotients of order :

, A/ w2y, -1 B +2y,-1 dy-BAL -2y, d-A/
2 _ X h x 2~ h k, G 2y
d,d,k Yi2gAvan le' C/z h, /l h, Az k k>1

and of genus :




1 A+2y,-1 %n+27k—l %2+21,‘—l 2% -
A +27,~1 %} +2y,-1
/) VAR YA

where A =h{:"hy'k?".

Theorem 2.1.3 : Let T = (4, m, n) be a Fuchsian group where ¢, m, n are positive
integers > 2 such that (£, m, n)=r>1 and (4, m) =1d,, (4, n) =rd,, (m, n) =1d,, for some
non-negative integers d,, d, and d,, where d,, d,, d, are pairwise prime to each other.

Then I' admits a metabelian smooth quotients of order :

' rdydy+2y'= - 242y'-
r2d12d2d3k2'y ar 1d3+27 lbrd,d2+21 lcrd,+21 1

and of genus :

_;_(ard,d3+2‘y'—lbrd,d2+27’—lCrdf+2'y'—lk2'y’ )[2,)('_ 2

d, d

+rd1(dl +d, +d, -—fii—————‘—)]ﬂ.
a b c

In chapter 3, we study a class Zs-metacyclic group M of order 4p* which are two

generator groups, generated by a, b and having the following presentation
2 -3 )
<a,b :a? =b* =1,b™'ab =4, where p is an odd pn'me>.

We first obtain a set of necessary and sufficient conditions on the periods and
genus of T. Then we use these conditions to obtain the minimum genus of a compact

Riemann surface that has G as an automorphism group. In this chapter the main theorem

determines the minimum genus of a surface admitting the given Zs-metacyclic group as
an automorphism group. The theorem is given below :

Theorem 3.2.1 : Let M be a Zs-metacyélic group of order 4p? where p is an odd
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prime, with presentation :
(ab:a” =b*=1bab=a"").

Let M act as an automorphism group of some compact Riemann surface of genus
g = 2. Then the minimum value of g and the corresponding signature of the Fuchsian
group I' of which M is a smooth quotient is :

g=p"-2p+1 (44, p).

In the last chapter i.e. in chapter 4 our aim is to find finite solvable admissible
quadruple groups and in the last section of this chapter we find the solvable extension
of admissible quadruple groups and corresponding genus of surface of which these
groups act as a group of automorphism of compact Riemann surfaces. The main theorems
are given below :

Theorem 4.1.1 : Let T = (¢4, m, n, p) be a Fuchsian group where ¢, m, n, p are

positive integers greater than or equal to 2 such that, (4,m)=d,>1, ¢ n)=(¢p=

(m, n) = (m, 1) = (n, p) = 1. Then I admits a solvable smooth quotient of derived length

3 and of order k2"d,(np)% ' (ab)™" " "**" and genus

%kzv" (ab)(nu)""'-2+27' [Zab('y" ~D+ (nu)d.-l (2ab-b- a) ]+ 1 k>1

Theorem 4.1.2 : Let T = (¢, m, n, p) be a Fuchsian group where 4, m, n, p are

positive integers greater than or equal to 2 such that (/, m) =d, > 1, (¢, n)=d,>1 and

(¢, W) = (m, n) = (m, p) = (n, p) = 1; d,, d, are prime to each other. Then I" admits a finite

smooth quotient of order d d,AB where

dy (dy+1)=24_d;(dy+1)-2 !
A =hRr D2 @2 2k b by 21




abcp

1752573

g[zn_2+A[1+L+L+L_1_1_1_1)]+1.

where ¢’ = ; and of genus :

hy h, h a b ¢ p

Theorem 4.1.3 : Let I = (4, m, n, u) be a Fuchsian group where ¢, m, n, p are
positive integers greater than or equal to 2 such that (¢, m) =d, > 1, (4, n) = d, > 1,
(¢, p)=d,>1 and (m, n) = (m, p) = (n, p) = 1, where d,, d,, d, are prime to each other.

Then I admits a finite smooth quotient of I" of genus

and the order is d d,d,AB; where

d,d,-1y.d,d,—1y, dyd,~1 4
A=hlzs h2|3 h3|2 ka

1
and vk=é[2v'-2+dzd3(1—l)+dld{1—-)+d1d2(1_l)
2 b c r




Theorem 4.1.4 : Let I’ = (¢, m, n, p) be a Fuchsian group where ¢, m, n, p
are positive integers = 2 such that (¢, m) = rd,, (¢, n) = rd,, (m, n) = rd,,
(¢, m,n)=r2=>1and (¢, p) = (m, p) =(n, ) = 1, where d, d,, d3 are pairwise prime

to each other. Then I' admits a metabelian smooth quotient of order Ar’d *d,d, and of

genus :
N rdd, rdd, rd> r’dld,d
2| 2r%d?d,d, - - -—L- 2 1+1
2 a b c Tl
where A= ard'd’+27"|brd'd’+27"lCrd'z+27"lurzdfdzd’+27’"lk2r,k >1

, 1
and y =5r[rdfd2d3—d,d3—dld2_dl2]+1.

Theorem 4.1.5 : Let ' = (¢, m, n, p) be a Fuchsian group where ¢, m, n, p
are positive integers greater than or equal to 2 such that (¢, m) =d, > 1, (¢, n) =
d,>1, (¢ p)=d;>1,(mn)=d,>1and (m, u) = (n, p) =1, where d, d,, d,, d, are

pairwise prime to each other. Then I' admits a metabelian smooth quotient of order,

Add,’d,d, and of genus :

%[ 2d,d2d,d, -

d,d, di, dd,d, d,did,
- - - +1
b c d

' 2 ¢ ' 2 ' y
where A= ad2d4+27 —lbd2d3+27 —lcd|dzd3+27 "Iddld2d4+27 —lkZY ’ k>1

1 |
and Y =5[2d,d§d3d4—d2d4 ~djd, -d,d,d, —d,d2d,]1+1.

Theorem 4.3.1 : Let G be an admissible quadruple group of type (¢, m, n, &)
generated by u, v, w such that p, < ... <p, and p, not divide m _,n , and§ where

m, n. and & are defined as follows :
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(i) m; =m, m, = [m,, p,], m, = [m,, P, ..
(ii) ny=n, n, = [ng, p,J, n, = [n, p,l, ...
(i) & = &, &, = (& p,). &, = [§,, s -

Then p-th extension G, of G is an automorphism group of a compact Riemann

surface of genus g, 1 <1 < k where
g, =1+%(p,...pi)lGI{Z—l——l-——l——i}.

At the end of the thesis a fairly exhaustive bibliography is added.
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CHAPTER - 1

INTRODUCTION

1.1 Importance of our study

The theory of Riemann surface was developed during the second half of the nineteenth
century when Riemann introduced it in his doctoral dissertation in 1851 as essentially
topological aids to our understanding of many-valued functions. Though the results
stated by Riemann was powerful but the proofs were not completely rigorous as the
necessary analytic techniques had not been fully developed. This omission was rectified
mainly by weierstrass and by the early twentieth century Riemann’s theory had been
placed on a sound basis. One of the most interesting result observed by Riemann was
that the algebraic function fields in one variable over C are nothing but fields of
meromorphic functions on compact Riemann surfaces. Hence groups of birational
automorphisms of complex algebraic curves are the same as automorphism groups of
compact Riemann surfaces. This new point of view drew the attention of the mathematical
world and propelled it to concentrate on complex function theory, mainly on the study
of meromorphic function of a complex variable. A related classical topic consists their
groups of birational automorphisms which was initiated also in the last century.

Complex algebraic curves and their groups of birational transformations constituted
a glamourous topic of research during the last decade of the last century. Surprisingly
this topic continues to attract the attention of mathematicians even after a century. At
the present time there is a great revival of interest in these topics because of their

applications to so many areas of mathematical research from group theory and number
theory to topology and differential equation.
1.2 A survey of some significant early results

We now mention some significant results in this field which have been proved in

the last century.



The first significant result in this field was published by H.A. Schwarz in 1879

[121] in which he proved the finiteness of the group of automorphisms of complex

algebraic curves C of genus g 2 2.

About fifteen years later, A. Hurwitz [1893] using his famous ramification formula
obtained an upper bound on the order of A(C) of automorphisms of C and showed that
the order of G, i.e. | G | £ 84(g - 1) where G is the group of automorphisms of curves
C of genus g > 2. It has been showed by Klein, Gordan, Wiman [84] [67] [134] that this
bound, known as Hurwitz bound, is not attained for genus g = 2, 4, 5, 6 and there is only
one curve of genus 3 with 168 = 84(g - 1) automorphisms. About the same time Wiman
improved this bound for a cyclic group and showed that the maximum possible order
for a group of birational automorphisms is 2(2g + 1) and this bound is attained infinitely
many times. The general strategy for a better understanding of automorphism groups of

a compact Riemann surface S of genus g = 2 is explained by Macbeath [96] which was

paraphrased by Accola [4].

The general problem on the theory of Riemann surface that can be analyzed is as

follows : given a class % of finite groups and a class & of compact Riemann surfaces

of algebraic genuses g 2 2, under what conditions a surface S in A and a group G in

¢ exist, so that G acts as a group of automorphisms on S?

Some consequences of the above general problem is to determine the minimum
genus of surfaces admitting an automorphism group of a given order and to determine
the maximum order of an automorphism group of a surface of given genus.

Another remarkable result [Burnside 1955] is that for any finite group G, there
exists a compact Riemann surface S on which G acts as a group of automorphisms of

S. The same group may be representable as an automorphism group of compact Riemann

surfaces of different genera.

In the early sixties A. M. Macbeath [95] gave a series of lectures in a summer




school at Queen’s college, Dundee where he dealt with a number of interesting problems
and some of their solutions. The results of Macbeath was based on the theory of
Fuchsian groups which reduced the general problem on the theory of Riemann surface
to a purely algebraic one. The main tool of Macbeath’s study was based on a result of

Poincare [120] which stated that each compact Riemann surface S of (algebraic) genus

g > 2 can be represented as an orbit space ]%— of the upper half complex plane D, that

is D={z e C:Imz20} and if % is compact then S is also compact. Here D is equipped

with the conformal structure induced by the group Q of Mobius transformations, and
the acting group I is a Fuchsian group which is a discrete subgroup of €. The group
I" can be choosen to be a surface-group that is a group with no element of finite order.

With this representation in hand Macbeath proved that a finite group G is a group of

automorphisms of a compact Riemann surface S if and only if G= % for some other

Fuchsian group A [95]. The quotient group % is known as smooth quotient of A.

In this new approach of Macbeath the theory of Fuchsian groups seems to be the
most powerful tool in order to investigate the structure of automorphism groups of
complex algebraic curves.

In the next section we discuss in brief the theory of Fuchsian groups and Riemann
surface automorphism groups. Before going to the next section we first introduce the
concept of a surface.

A surface S is a Hausdorff topological space which is locally homeomorphic to the
complex plane C.

A Riemann surface S is a surface equipped with an analytic structure A, that is a
family A of pairs (v, f) satisfying the conditions :

(i) for the index set I, {v,}, _| is an open covering of S and f is a homeomorphism

of v, onto an open disc in the complex plane C.



(ii) when v, N v, # ¢ then fJ f; ! is an analytic function of f(v, M v,) onto fj(vi N V).
A continuous mapping f from S to itself is called holomorphic if for any two
pairs (v,, f), (v, f,) € A, the mapping fz.f.fl'l is holomorphic in the domain of
definition f,(v, N f ~!(v,)). If f is one-one and onto it is called biholomorphic self
transformation or automorphism of S. The set of all automorphisms of S forms a

group A(S) and is called the group of automorphisms or the automorphism group

of S.

A compact Riemann surface is topologically equivalent to a sphere with a finite
number of handles and this finite number is called the genus of the surface. It would

be noted that there may be more than one Riemann surface of same genus depending

on the nature of the analytic structure.

Macbeath established a link between the Riemann surface automorphism groups
and the Fuchsian groups and proved that a finite group G is an automorphism group of

compact Riemann surface S of genus g > 2 if and only if G is isomorphic to a factor

group %{ where I is a Fuchsian group with compact orbit space and K is a Fuchsian

surface group with orbit genus g. The quotient % is called a smooth quotient and the

corresponding homomorphism is called a smooth homomorphism. Our technique depends
heavily on the result of Macbeath.

1.3 Fuchsian groups and automorphisms of compact Riemann surfaces

If X is the Riemann sphere i.e. the set of all complex numbers Z together

az+b
with oo then the infinite set of transformations Z = z+d of the Riemann sphere X,

where a, b, c, d are real numbers and ad - bc # O constitutes a general linear group and
is denoted by GL(2, R). The group consisting of all 2 X 2 real matrices with determinant

unity is the special linear group and is denoted by SL(2, R) . SL(2, IR) is a subgroup




of GL(2, IR). The projective special linear group PSL(2, IR) is the central quotient
of SL(2, IR) 1.e.,
PSL(2,IR) = SL(2,IR) /Z[SL(Z,IR)]
where Z[SL(2,IR)] is the centre of SL(2,IR).
It can be seen that PSL(2,IR) maps :
(i) The open upper half plane D to itself.
(ii) The open lower half plane D' to itself.
(iii) R U {oo} to itself.
Further PSL(2,IR) preserves,
(iv) the angle between two curves and
(v) the family of all circles and straight lines orthogonal to the real axis.

The elements of PSL(2, IR) can be classified as parabolic, hyperbolic and
elliptic according to the trace, i.e. an element is parabolic if la+dl = 2, hyperbolic
if la + dl > 2 and elliptic if la + dl < 2. It can be seen that all elements of finite
order are elliptic.

It is to be noted that any subgroup of PSL(2, R) acts as the group of all conformal
homeomorphisms of D when D is endowed with the hyperbolic non-Euclidean (N.E.)

. . 2 de +dy2 . C D b .
metric given by ds" =————, 2z =X +1y € L. ecomes a model of hyperbolic

plane, and PSL(2, IR) acts as a group of hyperbolic isometries. PSL(2, IR) besides being

az+b
cz+d

a group, is also a topological space in that the transformtion Z —> can be identified

with the point (a, b, ¢, d) € IR%. More precisely, as a topological space, SL(2, IR) can be
identified with the subset of IR,

Let X = {(a b,c,d e R*: ad - bc = 1} and if we define 8(a, b, ¢, d) = (- a, - b, - ¢, - D)
then § : X — X is a homeomorphism and & together with the identity forms a cyclic
group of order 2 acting on X. PSL(2, IR) can be topologised as the quotient space. It can

5



also be shown that the group multiplication and taking of inverses are continuous with
this topology so that PSL(2,IR) is a topological group.

A subgroup I' of PSL(2,R) is said to be discrete if for all g € T, there exists a
neighbourhood Ug such that Ug N T = {g}. If [ is a discrete subgroup of PSL(2,IR) then
it is called a Fuchsian group. The connection between the group PSL(2,IR) and hyperbolic
geometry was discovered by Poincare [120] and published in 1882.

On the upper half plane D, a Non-Euclidean (N. E.) geometry can be established by
defining the N. E. length ‘ds’ of an arc element by

o _dx*+dy*

ds y2

The N. E. length #(c) of a piecewise differentiable curve C in D is defined by

Id .
Z(C)=I—Z—I,z=x+1y,
y

and the N. E. measure W(E) of a measurable set E in D is defined by

dxdy
s

E)=
w(E) fEfy

The hyperbolic length and area are invariant under transformations of PSL(2, IR)
and hence of T.

The angles in this geometry are the normal Euclidean angles. The circles and straight
lines orthogonal to the real axis are called the N. E. lines. The N. E. line joining two
points of D is the (Euclidean) circle passing through the points, which has its centre on
the teal axis. This definition includes the Euclidean lines which are vertical to the real
axis. The N. E. distance d(p, q) between two points p and q in D is defined to be the
N. E. length of the N. E. line segment joining p and q. The topology induced by the N.
E. metric however coincides with the topology obtained by regarding D as a subspace

of IR. Let I be an arbitrary Fuchsian group and let p € D be not fixed by any element

6




of T\{I}, then we define the Dirichlet region for I at p to be the set,
F={zeDlIld(z p)<d(z, v(p)) forv € I'},
d being the hyperbolic (N. E.) metric on D. A specially constructed fundamental
region is a Dirichlet region consisting of a finite number of N. E. edges forming a
polygon (N. E.). It is to be noted that,
D=u{viF)lveTll}
the different images v(F) having mutually disjoint interiors.
Fuchsian groups are discrete groups of hyperbolic isometries and their quotient
spaces are also Riemann surfaces. The distinct images of a point z in D under I' give

rise to an orbit known as I orbit and the orbits with the topology given by identification,

form the orbit space denoted by ]%. If the orbit space % is compact that is if %

has a finite subcover then the Fuchsian group I is said to be co-compact. Now by a
result of Massey(1967) [104] the orbit space % is homeomorphic to a surface S,

formed by attaching y handles to a sphere, for some unique integer y > 0, which is called
the genus of the surface. The genus y of the orbit space is called the genus of the
Fuchsian group I

" Given an element z in D, the set of elements of I with z as a fixed point (i.e. the
set of transformations which fix z) is known as the stabilizer of z in T The stabilizer
of a point of D in T is always the identity or a finite cyclic group.

The only non-trivial finite cyclic subgroups of PSL(2, IR) are those generated by
elliptic elements and each elliptic element has a unique fixed point in D. The same is
true for T also. Hence every element of finite order in I' belongs to a maximal finite
cyclic subgroup of I'. There are infinitely many of these maximal finite cyclic subgroups
if there is one, but they fall into a finite number of conjugacy classes. The orders of
these maximal finite cyclic subgroups are called the periods of T, The multiplicity of

a period is the number of distinct conjugacy classes of maximal finite cyclic subgroups
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with that period for their order.

By a theorem of Siegel [123], a Fuchsian group I" with compact orbit space has only
a finite number of periods. The r-tuple {m,, m, ..., m } consisting of the periods of I"
in some order, but each repeated according to its multiplicity is called a period partition
of I'. Orbit genus and period partition of a co-compact Fuchsian group are invariant
under group isomorphisms. The algebraic structure of T is completely determined when
the period partition and the genus of the orbit space are known. If I is a co-compact

Fuchsian group (y; m,, ..., m) and F is a fundamental region for I then its hyperbolic

area (N. E. measure) W(F) is finite, bounded below by %lz and is given by,

r 1
u(F)=27t{2(y—1)+Z(l——n—;J}

i=1 i

which is always positive.

r 1
ie. 6(F)=2(Y—1)+§[1—-I;}>0'
For a surface group of genus g the hyperbolic measure WEF) = 4n(g - 1). It is to be
noted that the N. E. measure p(F) of a fundamental region F of I" depends only on I'.

In all cases of Fuchsian groups with positive genus the measure of their fundamental

regions 2 T.

Any subgroup of finite index of a Fuchsian group is Fuchsian [73], [95] and if T,

is a subgroup of finite index of a Fuchsian group I', then

This is a form of the famous Riemann Hurwitz formula (R. H. formula).

A Fuchsian group I" with genus y and a period partition {m , ... m } is generated by
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X, ..., X, €lements of finite order and a,, b, ..., a, b7 elements of infinite order and the

generators satisfy :
r Y
x" ==x0 =[x [lbl=1 L (1.3.2)
i=l1 i=]
where [a, b] = a;'b;'ab,

J 1
S)=2(y-D+ 1-— |>0
and (D) =2y le( . J e (1.3.3)

Associated with a Fuchsian group is its signature (y; m,, ..., m). If y = 0 then we will
denote the signature of I' by (m , ..., m ) and if in addition r = 3 then we call T" a triangle-
group and if r = 4 then T is called a quadruple group. It is better to mention that a

Fuchsian group I' = (m,, ..., m) with genus O and s periods can in fact be generated by

s - 1 elements having defining relations :

XM =XM== XM = (XXX )T =1 (1.3.4)

s—1

This will be obtained from the fact that the generator x_ can be eliminated by the
last relation in the set of defining relations for (1.3.2).

Thus a triangle and quadruple groups can be generated by two elements and three
elements respectively.

If the Fuchsian group I of genus y has no period, we write I' = (y; -), and then it
is called a surface group that is a Fuchsian group without elements of finite order
except the identity. It may be noted that any finite order element in I' is conjugate to
some of the finite order generators.

The numbers y, m,, ..., m_occuring in the signature of a Fuchsian group I must obey
the inequality (1.3.3) and in view of this certain values of the periods m, and genus v
are untenable for a Fuchsian group with compact orbit space. These values are the

following :




(a) (m, m); the cyclic group Z_.
(b) (2, 2, n); the dihedral group D .
(c) (2, 3, 3); the tetrahedral group.
(d) (2, 3, 4); the octahedral group.
(e) (2, 3, 5); the Icosahedral group.
The space groups of 2-dimensional crystallography namely,
® 2, 2, 2, 2)
(& (G, 3,3)
(h) (2, 3, 6)
i) 2, 4, 4)
and (j) the doubly periodic group with orbit genus 1 and no period.
Moreover, the existence theorem according to Siegel ensures that for every

set of tenable values of y, m, m,, ..., m, there exists a Fuchsian group with
signature (y; m,, ..., m), if and only if

6(r)=2(y—1)+i(1—iJ>o.
i=1 m;

1

From the existence theorem it also follows that the orbit genus of a surface group
with compact orbit space cannot be less than 2.

1.4 Riemann surface automorphism groups

This section is devoted towards gathering some useful information about Riemann

surface automorphism groups and their relation to quotient groups of Fuchsian groups.

In section 1.2 we defined a surface and a Riemann surface. The universal covering

space S of a Riemann surface is itself a Riemann surface.
The group of covering transformations of the universal covering space S of S is

isomorphic to the fundamental group of S and is called the Poincare group of S. If K

is the Poincare group of S, then the orbit space %{ is also a Riemann surface.
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We now state some fundamental results about Riemann surfaces.

Theorem 1.4.1 : The Riemann surface S is identifiable with the orbit-space %

by a structure preserving homeomorphisms where S is the universal covering space of

S and K is the Poincare group of S.

Theorem 1.4.2 : If S is a Riemann surface with Poincare group K, then
A(S) = N(K%( where N(K) is the normalizer of K in PSL(2, R) and A(S) is the group

of automorphisms of S.

Theorem 1.4.3 : If S is a compact Riemann surface of genus g 2 2, then A(S) is
finite.

Proof : We know that there exists a surface group K such that S is conformally

equivalent to % Then by theorem 1.4.2,

A® =N .

Now, since K is an orbit-compact surface group with orbit-genus at least 2, it is not
cyclic and hence N(K) is a Fuchsian group containing an orbit-compact subgroup.
Hence it has a compact orbit-space itself and hence a fundamental region of finite

measure. In fact p(Fy) < W(F) where F and F are fundamental regions for N(K) and K

respectively. Now [N(K):K]= WE) o finite, which proves that A(S) = N(K%<- is finite.
n(Fy) :

We now prove a theorem which will be used as a basic tool in the development of

the later chapters.

Theorem 1.4.4 : A finite group G acts as a group of automorphisms of a compact

Riemann surface S of genus g > 2, if and only if G is isomorphic to a factor group I/K’,
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where I is a Fuchsian group with compact orbit-space and K is a surface group with

genus g.

Proof : Since g 2 2, we have S=%. Then by theorem 1.4.2, the group G
corresponds to some Fuchsian group T lying between K and N(K) with G= %
Conversely, let G = % Then K is a normal subgroup of I of finite index. Now

I' ¢ N(K) and N(K) maps K-orbits to K-orbits. Therefore %( acts as a group of

automorphisms of % :

The following corollary is obtained from the above theorem.
Corollary 1.4.1 : A finite group G acts as a group of automorphism of a compact

Riemann surface of genus g = 2 if and only if there exists a Fuchsian group I' with

compact orbit space and a smooth epimorphism ¢ : I' = G such that ker¢ is a surface

group of genus g.

F
From the above theorem and the relation (1.3.1) we get, |Gl= I %‘ = ”EFK; where
. W(E.
F, and F_. are fundamental regions for K and T’ respectively. If I' = (y; m,, ..., m) then

by using the relations :

3 1
u(F)—Zn{27—2+i§(l—m—i}}

and p(Fy) = 4n(g - 1),

4n(g—-1)

we have IGl= .
2n{27—2+2(1——1—j}

i=1 m,

1
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Z_(_g___]l:z'y—z—{.i(l_l]

ie.
€. G| P m.

which is the Riemann Hurwitz formula. By the relation (1.3.3) the expression :

2(y-D+ g( 1- —rr_ll,— ) is strictly positive. Therefore for a fixed g, | G | has the maximum
value when (1.3.3) has the minimum possible positive value. By simple arithmethical
calculations one can show that the minimum positive value of (1.3.3) is attained when
y=0,m =2, m,= 3, m, = 7 and the corresponding maximum value of G is 84(g - 1),
and this is the famous result of Hurwitz.

Further the famous minimum genus problem is that for a finite group G we obtain
a minimum possible values of g(= 2) called the minimum genus of a compact Riemann
surface admitting G as its automorphism group.
1.5 Some important and interesting results

We now mention some important results in this field which have been proved in the
last century by different mathematicians. During the last forty years or so the following
broad problems on Riemann surface automorphism groups have been extensively studied
and many beautiful results obtained. As mentioned earlier a Hurwitz group is
representable as a group of 84(g - 1) automorphisms of a compact Riemann surface of
genus g and this is the largest group that a compact Riemann surface of genus g can
admit as an automorphism group. The second and third largest groups acting as
automorphism groups of a compact Riemann surface of genus g can have order
48(g-1) and 40(g-1) respectively. The second and third largest groups which act
as automorphism groups of compact Riemann surface of genus g > 2 are referred
to as M,-group and M,-group respectively. The problem of finding all large groups

of automorphisms including the Hurwitz group attracted the attention of the
mathematicians in the last century.
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Macbeath [96] derived a number of beautiful results about Riemann surface
automorphism groups showing in particular that the bounds of Hurwitz [77] and Wiman
[133] are attained infinitely many times. He also proved that an infinite number of the
projective special linear groups are representable as Hurwitz groups, that is groups of
84(g- 1) automorphisms of a compact Riemann surface of genus g = 2.

M.D.E. Conder [37, 38] proved that for infinitely many positive values of n, A,
eleven of the twentysix sporadic groups are all Hurwitz groups. Marston Conder and
Bujalance [18] studied the situation when a cyclic group G is the image of a finitely
maximal Fuchsian group I' with torsion-free Kernel K and whether or not G is the full
group of automorphisms of some compact Riemann surface of genus g = 2.

Suzuki [131] proved that all simple Ree groups 2G,, for q = 3’™*! whose order is
q*(q® + 1)(g - 1) and 2F, for q = 2*"*! whose order = q¥qt+ 1)(g*- D@+ D@-1
are Hurwitz groups.

Chetiya [23] [24] proved that infinitely many solvable groups of derived length 3
or 4 occur as groups of automorphisms of the second largest order. The bound 48(g-1)
for this family of groups is referred to as Chetiya bound by Gromadzki [63].

Chetiya and Kalita [32] also discovered many families of large solvable
automorphism groups which have derived length at most 4. In [33] it is found that
infinitely many of PGL(2, q), PSL(2, q), some S_and A_ occur as M,-groups and.
M,-groups [37] [38].

Another interesting problem is to determine the bounds for different classes of
finite groups. This problem is referred to as the upper bound problem.

Chetiya and Patra [34] considered the upper bound problem for the class of
metabelian groups and the first three bounds for this class were obtained as 24(g - 1),
20(g - 1) and 16(g - 1) with the third bound being attainable for infinitely many values
of g. The first and the second bounds are attained only for g = 3 and 5 respectively. The
corresponding Fuchsian group being (3, 3, 4) and (2, 5, 5).

Determination of minimum genus of a surface on which a given finite group G
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acts as a group of automorphisms is another very interesting and general problem
to solve. The problem, usually referred to as the minimum genus problem in the
theory of Riemann surface automorphism groups, in its generality is far from being
solved. Harvey [70] determined the minimum genus of a compact Riemann surface
which admits a cyclic group as its automorphism groups. The same problem for the
class of non-cyclic abelian groups, K-metacyclic groups, Zs-metacyclic groups,
PSL(2, p) groups was solved respectively by C. Maclachlan [102], Chetiya and Patra
[35] and Chetiya, Dutta and Patra [26], Glover and Sjerve [57].

Harvey [70] proved that if C, is a cyclic group of order n and the prime decomposition

of n is given by n=p}p}?..ps:p, <p, <..<p,, then the minimum genus g of the -

surface admitting C_ as a group of automorphism is given by

p,—1\n
() gsmax{Z,(—'z—JE} if r, > 1 or if n is a prime;

-1
(b) g:max{?.,(p—lz——)(pf——lj} ifr, = 1.
1

Wiman’s result follows immediately from that of Harvey.
Zomorrodian [136] considered the upper bound problem for a class of nilpotent

groups. He proved the following result :

If G is a nilpotent group of automorphisms of a compact Riemann surface of genus
g > 2, then O(G), the order of G < 16(g - 1). If O(G) = 16(g - 1), then g - 1 is a power
of 2. Conversely, if g - 1 is a power of 2 then there exists at least one compact Riemann
surface S of genus g > 2 with an automorphism group of order 16(g - 1) which must be
nilpotent since its order is a power of 2. This bound corresponds to the Fuchsian group
(2, 4, 8) and given any non-negative integer n, there exists a compact Riemann surface of
genus g = 2" + 1 that admits an automorphism group of order 16(g - 1) = 2+*. He also

studied the family of p-groups [133] where p is a prime > 3. The result is : If a finite
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p-group G occurs as an automorphism group of a compact Riemann surface of genus

g = 2, then
Ng-1) if p=3,
O(G) < -
©)=12pe=D 4 155
p_

(p—3)p"

Moreover, if g-1 =3 n2>2orif g-1= )

and p = 5, n 2 0, then there is

a compact Riemann surface of genus g that admits a group of order 3" or p"*!asa group
of automorphisms.

G. Gromadzki and Maclachlan [64] solved the upper bound problem for super
solvable groups showing that a super solvable group of automorphisms of a compact
Riemann surface g = 3 had no more than 18(g - 1) elements. For g = 2, a super solvable
group of order 24 acts as an automorphism group of a compact Riemann surface of
genus g. Furthermore, it was proved that a necessary and sufficient condition for the
existence of a compact Riemann surface of genus g > 3 that admits a supersolvable
group of automorphisms of order 18(g - 1) is that 3? divides g - 1 and the only prime
divisors of g - 1 are congruent to 1 mod 3.

Chetiya and Patra [35] proved that the minimum genus g of a compact Riemann

surface admitting a K-metacyclic group of order p(p - 1) as a group of automorphisms

is (i) 2, 4 or 8 according as p =3, 5 or 7 and (i) 1+—=~——~= P(p— 1 7 or 1+2 (P 4_ ) according

as p = - 1(mod 4) or p =1 (mod 4) when p # 3,5, 7.

Gromadzki Grzegarz [66] showed that a Riemann surface of even genus g admits
at most four conjugacy classes of symmetries.P. Ahmed [9] in her doctoral thesis solved
the minimum genus problem in the theory of Riemann surface automorphism groups in

relation to the generalized quaternion group, which constitute an important subclass of
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the metacyclic groups. The upper bound of a generalized quaternion group Q, = acting
as an automorphism group of a compact Riemann surface of genus g is 12(g - 1) and

the bound is attained infinitely many times if m is odd and a multiple of 3. The next two

20
possible bounds in order of magnitude are 8(g - 1) and ?(g—l) and these bounds are

attained infinitely many times for even values of m and values of m having 5 as the -
smallest prime divisor respectively. Another subclass of non-abelian metacyclic group
of order pg, p and q being primes, q | p - 1, was considered by Chetiya, Dutta and Patra
[26]. The following result was obtained by them :

If G is a non-abelian group of order pq, where p and q are primes and g | p - 1 then
the minimum value of the genus g of a compact Riemann surface on which G acts as
an automorphism group is given by :

i)g=p-1forq=2.

1
(ii) g=5(P—1) for q = 3

(iii) g=1+};ﬂ(1——z-) for q > 3.

To find the complete set of genera of the surface on which a given finite group G
acts as an automorphism group is referred to as the genera problem. Chetiya, Dutta and
Patra [28] solved the genera problem for a class of strictly metabelian groups. They
considered the class of Dihedral groups of order 2p (which they denoted by D,), p
being an odd prime. They established the following result :

Let p be an odd prime and D, the Dihedral group of order 2p. Then there exists a
compact Riemann surface of genus g on which D, acts effectively as a group of
automorphisms if and only if the integer g can be expressed as g = A + pp where A, |
are integers with A <1 and p > | A | and A, p are not simultaneously zero.

Kulkarni [86], Kulkarni and Maclachlan [89], MeCullough and Miller [115] took
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the initiative by solving the genera problem for some special types of cyclic and non-
cyclic abelian groups.

In 1987, R. Kulkarni [86] proved the following beautiful result :

For every finite group G there is a divisor N(G) of the order of G such that,

(i) If G acts as an automorphism group of a compact Riemann surface of genus
g then N(G) is a divisor of g - 1;

(i) If N(G) is a divisor of g - 1, and g is not one of a finite set of exceptional
numbers then there is a compact Riemann surface of genus g on which G
acts as an automorphism group.

In 1995 R. S. Kulkarni [88] using topological method investigated compact Riemann
surfaces admitting ‘large’ automorphism groups, where a group G is defined to be large
if its order is strictly greater than 4(g - 1). Here the classical result of Harvey and
Wiman is elucidated by classifying Riemann surfaces admitting large cyclic
automorphism groups.

In 1990, Macbeath [100] described an algorithm which, for a given integer N 2 2,
enables one to list all Riemann surface automorphism groups with the genus g of the
surface satisfying 2 < g < N.

Besides these recently Chutiya [48] in his doctoral thesis considered an important
subclass of metabelian group i.e. a Dihedral group D, of order 2n for every positive
integer n.

We now mention some more significant and interesting recent results in this field.
Chetiya and Dutta [30] obtained the genera of compact Riemann surfaces admitting
successive triangular extensions of a class of triangular groups as their automorphism
groups. Hayakawa, Keizo and Kuribayashi, Akikazu [76] moulded the work of W.
Burnside [20] in new grab by studying orientation-preserving automorphism groups of
finite order of a compact Riemann surface of genus one. Yang, Qingjie [135] proved
that if S is a compact Riemann surface of genus g > 1, G a group of analytiC

automorphisms of S which can be represented as a subgroup of R(S, G) of GL (C), then
e
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a dihedral subgroup of order 2p in GL (C), p an odd prime is realized by some S and
some G if and only if each non-identity element has integer trace less than or equal to
1. Bogopol’skii, O. V. [21] classified the actions of finite groups on orientable surfaces
(;f genus 4. Zimmerman, Jay [140] and Zimmerman, Jay and May, Coy L. [141] defined
the minimum genus as symmetric genus. They [140] [141] found the symmetric genus
of all groups of order 32. They [140] [141] also classified the groups of symmetric
genus 3 and showed that the groups Z, x Z, x S,, PSL(2, 7) and PGL(2, 7) are the only
three groups having symmetric genus 3.

The problems and their solutions mentioned above apply basically to birational
transformations of complex algebraic curves.
1.6 A brief discussion of the thesis

The purpose of this thesis is to study some families of non-commutative finite
groups with small sets of generators whose orders are also comparatively small. In our
study of these groups we exploit the well known fact [20] [59] that every finite group
can be represented as a group of automorphisms (biholomorphic self transformations)
of a compact Riemann surface of genus g 2 2. But in the study of Riemann surface
automorphisms the theory of Fuchsian groups comes into play. The theory of Fuchsian
groups has been successively used [24] [25] [34] in determining the automorphism
groups of compact Riemann surface of genus g 2 2.

We now give the outline of the thesis. In chapter 2 we consider some admissible
triples like (¢, m, n) imposing in each case some conditions among the integers
¢, m, n. In each case we prove the existence of an infinite number of solvable smooth
quotients with short derived series. We also present some theorems and lemmas for
references and use it in the later chapters.

The main results proved in this chapter are contained in the following theorems :

Theorem 2.1.1 [50] : Let T = (¢, m, n) be a Fuchsian group where ¢, m, n are
positive integers > 2 such that (4, m) =d>1and (), n) =(m,n) =1, £, m, n donot
simultaneously assume the values £ =m =2 or £ = m = 3, n = 2. Then for each
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positive integer k = 1, I’ = (¢, m, n) has a solvable smooth quotient G, of derived

(d-1_,

length 3 and of order (kt)z"'dnd"a“m_”"b“

Theorem 2.1.2 : Let I = (4, m, n) be a Fuchsian group where ¢, m, n are positive
integers > 2 such that (4, m) =d, > 1, (¢,n)=d,>1, (m, n) =1 and (d, d,) = 1

(as (m, n) = 1). Then for each positive integer k > 1, I" admits smooth quotients of order :

. AL v2y -1 AL a2yp-1 dy=B7 =2y d-AL -2y
2y, 2 A+2v.—1 k . k 2 k 1 k
d,d,k* Tkt bAl CA‘ h, i h, Yo Jk>1

and of genus :

1 - Ah,+27“_l Ah2+2yk—1 21,
A Iynn_l(a"”’ lb/ et t* )[ 2y, -2
2h{™ " hyM

where A =h{"h3'k* .

Theorem 2.1.3 : Let T = (¢, m, n) be a Fuchsian group where ¢, m, m are
positive integers > 2 such that (¢, m, n) =1 2 1 and (¢, m) =rd, (¢, n) =xd,, (m, n) = 1d,
for some non-negative integers d,, d, and d,, where d, d,, d, are pair-wise

prime to each other. Then I admits a metabelian smooth quotient of order,

er%d2d3k2‘yafdld3+2yl—lb l'd]d2+2'y"'lcrd|2+2‘y’-l and of genus’
_1_( ardld,+27’—lbrd,d,+2y’—1ardf+2y'_1 kzy' M: 2’Y' -2+
2

+rd1(dl +d, +d, —d—3-d_2_91_ +1
a b c :

[In case 1 = 1, then at least one of d,, d,, d, is not equal to 1 because in that

case (£, m, n) will be a perfect group.]
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In chapter 3, we introduce a class of Zs-metacyclic groups and derive a set of
necessary and sufficient conditions for the existence of a smooth homomorphism from
a Fuchsian group onto a Zs-metacyclic group of order 4p?, p an odd prime. Using these
necessary and sufficient conditions we determine the minimum genus of a surface on
which a Zs-metacyclic group of order 4p* acts as a group of automorphisms of compact
Riemann surface. The necessary and sufficient conditions are given in the following
theorem :

Theorem 3.1.1 : LetT =(y; m,, ..., m,), s 2 0 be a Fuchsian group of genus , there

exists a smooth epimorphism from I to a Zs-metacyclic group M where,
M=<a,b:ap2 =b* =1,b"ab=a“>

and is of order 4p% p an odd prime 2 3 if and only if the periods of I' satisfy the

following conditions :
(1) If T is a surface group then y 2 2.
(2) If T is not a surface group then the periods of I" must take the values from

the set {2, 4, p, p% 2p, 2p*}.

(3 Ift,,t,t, e, t,, and tzpz denote respectively the number of periods of order

2, 4, p, P> 2p and 2p’ then
(A) t, must be even.
(B)Ifs=1then ()T =(p)v2
or @@r=@p)y2l

(C) If s = 2 then I has the following signatures :
GQ) (v; 2, 2); 7y 2 2.
(i) (v; 2, 2p); ¥ 2 2.
(iii) (v; 2, 2p*; v 2 1.
(iv) (y; 4, 4); vy = L.

W) (P, P)s Y 2 2.
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vi) (s p P Y 2 1.

(vii) (v; p% Py 2 1.

(viii) (v; 2p, 2p); ¥ = 2.

(ix) (v; 2p, 2p°); ¥ 2 1.

x) (y; 2p% 2p»); ¥ 2 1.
(D)If s=3andt, =0theny 2 1.

(a) If t4st2st,, are simultaneously zero then y > 2.

2p

(b) If ‘i’ is the only period of T, then t, can not take odd values for
the following values of i :
i =2, 2p and 2p*.
(c) () If i, j, k(i # j # k) are the three periods of I" then t;, t,, t, cannot
take odd values simultaneously for the following values of
i, J, k:
i=2j=2p, K=2p2
(ii) If there are two periods of I instead of three taking values
from the set {2, 2p, 2p*} then the number of them will be
both even or both odd.
(B)Ifs>3,t(0)=2and

(i) t;t, are simultaneously zero then y 2 1 otherwise y 2 0.

(ii) The conditions mentioned in 3(D) (b), (c) will also prevail in

this case [t, = t, + t,” # 0. In this case y may be greater than
or equal to zero. But when ! and t,: both are simultaneously

zero then y > 1.
Applying the conditions given in the theorem above we obtain our main results of

this chapter which is given in the form of a theorem :
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Theorem 3.2.1 : Let M be a Zs-metacyclic group of order 4p> where p is an odd

prime, with presentation:
2
<a,b ‘a” =b*=1b"ab=a"" >

which act as an automorphism group of some compact Riemann surface of genus g 2 2.

Then the minimum value of g and the corresponding signature of the Fuchsian group
IC of which M is a smooth quotient is :
g=p*-2p+1; 4 4 p).

In the last chapter i.e. in chapter 4, we study some Fuchsian quadruple groups like

(m,, m, m, m,) where m;, m,, m, and m, are positive integers > 1 imposing certain

conditions among them. Here we present a method of construction of finite smooth

quotients with short derived series.

We also obtain the genera of compact Riemann surfaces admitting successive

quadruple extensions of a class of quadruple groups as their automorphism groups.

The main results of this chapter are given in the following theorems :
Theorem 4.1.1 : Let T = (¢, m, n, 1) be a Fuchsian group where 4, m, n, p are

positive integers greater than or equal to 2 such that, (¢, m)=d>1(4,n)=0(p=

(m, n) = (m, p) = (n, ) = 1. Then I admits a solvable smooth quotient of derived length

3 and of order kZY'dl(nu)"" (ab)mu)"'"—lﬂv' and genus

%k“' (ab)™"-2427 [ 29y (y" ~ 1)+ (npp)* ™' (2ab~b —a) J+1k21

d-1 d,-1 d d
n

Theorem 4.1.2 : Let T = (4, m, n, 1) be a Fuchsian group where 4, m, n, p are
positive integers greater than or equal to 2 such that, (, m) =d, > 1, (¢, n) =d, > 1 and
(¢, W) = (m, n) = (m, ) = (n, p) = 1 where d,, d, are prime to each other. Then I" admits

a finite smooth quotient of order dldzAB where,
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_ pda(dy+D)-21 di(da+1)-29, 27",
A=h?" h,' k*";k,h,,h, 21

//hl—1 %2_1 %3-]
() () () e
1 2 3

and of genus,

B 2y, —2+A 1+~1——+—1—+i—1—l—l—-l +1.
2 . h, hy a b c pn

Theorem 4.1.3 : Let (4, m, n, ) be a Fuchsian group where /4, m, n, p are positive

integers greater than or equal to 2 such that, (¢, m)=d, > L¢n=d>1¢w=4> 1 and

(m, n) = (n, p) = (m, p) =1, where d, d,, d, are prime to each other. Then I' admits a

finite smooth quotient of I' of genus :

and the order is d,d,d,AB,

where A = h;‘zda’lhglda-lhgldz-lkzy',

A/ 4 A/ -1 A/ -1
ot (2 (0 o
h, h, 3
/= abcr
h,h,h
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Theorem 4.1.4 : Let I' = (4, m, n, n) be a Fuchsian group where ¢, m, n, p are
positive integers = 2 such that (¢, m) = rd;, (¢, n) =1d,, (m, n) = rd,, (/, m,n) =12 1
and (¢, p) = (m, p) = (n, p) = 1, where d, d,, d, are pairwise prime to each other. Then

I" admits a metabelian smooth quotient of order Ar’d *d,d, and of genus :

Al g2 g dids rdd;, rd} rididyd, | .
2 TR b ¢ i ,

} ' ' 2 _ 2,2 ' ¢
wherc A= ard1d3+2'y lbrd|d2+27 lcrdl +27 lur did,d;+2y lk27 ,k >1

1
and y'=—2-r[rdfd2d3 —d,d, —d,d, —d? J+1 .

Theorem 4.1.5 : Let I = (¢, m, n, p) be a Fuchsian group where ¢, m, n, p are
positive integers greater than or equal to 2 such that, (¢, m) =d, > 1, (4, n) =d, > 1,
(¢, p=d,>1,(mn=d,>1and (m, p)=(n, p)=1, where d, d, d,, d, are pairwise

prime to each other. Then I' admits a metabelian smooth quotient of order Ad,d,’d,d,

and of genus,

%{ 2d,d%d,d, -

d,d, djd, dd,d, d,dxd,
- - - +1
b c d ’

where A= ad2d4+27,—]bdgda"'z'!"‘lcdldzda"'z'f"lddld§d4+27"‘lk2¥' , k=>1

1
and 'Y' = “2'[2d1d§d3d4 -d2d4 —d§d3 - d1dzd3 - d1d§d4 ]+1,

In the last section of this chapter we find the genus of the p(i)-th extension G, of
G by taking a general quadruple group (¢, m, n, &) where £, m, n, £ are positive integers
greater than or equal to 2. The result is given in the form of a theorem :

Theorem 4.3.1 : Let G be an admissible quadruple group of type (4, m, 0, &)
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generated by u, v, w such that u, v, w and uvw have ¢, m, n and & as their respective
orders. Let P = {p,, ..., p,} be a set of k-distinct primes such that p, < ... < p, and p,

n.

.., and & | where m,, n, and & are integers defined as follows :

not divide m, |,
(i) m, = m, m, = [m,, p ], m, = [m;, p,], ...
Gi) n, = n, 0, = [ng, p,J 0, = [n,, Pl -
Qi) &, = & & = [E, P &, = [€, D)) -

where [a, b] denotes the l.c.m.of a and b.

Then p(i)-th extension G, of G is an automorphism group of a compact Riemann

surface of genus g, 1 <1 < k where

1 1

1 1 1
=14 =(pp) G2 —————

We conclude our thesis with a fairly exhaustive bibliography on the topic of our

study.

ONO
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Chapter 2 : Finite solvable smooth quotient of some two generator
groups

2.1 Existence of solvable smooth quotients

2.2 Conclusion



CHAPTER - 2
FINITE SOLVABLE SMOOTH QUOTIENTS OF SOME TWO

GENERATOR GROUPS

A finite group G can be represented as a group of automorphisms of a compact
Riemann surface. In this chapter we study some finite groups that can be generated by
two elements and which acts as Riemann surface automorphism groups. We begin this
chapter by first defining what we mean by two generator group.

Cyclic groups are the groups having the minimum number of generators. These are
the one generator groups. The number of generators of a non-cyclic group is greater
than one. Hence a non-cyclic group has atleast two generators. The finite groups which
can be generated by two generators only are called two-generator groups. All commutative
two generator groups are known. It is a problem of considerable importance and interest
in group theory to determine all non-commutative two generator groups, mainly because
of its relation to finding similar presentation of groups. There are many known families
of non-commutative two generator finite groups. A good number of these is contained
in Coxeter and Moser [47] and Johnson [78].

A finite group G will be called a triangle group of type (4, m, n) where ¢, m, n are
positive integers if G can be generated by two elements X, y satisfying the relations :

Xt=y"=2"=xyz =1

or xXt=y" =y =1.

1
A triangle group (¢, m, n) is called admissible if -+ —+—<1.

By section 1.3 of chapter 1, a Fuchsian triangle group is of the form (m,, m,, m;)
having three periods and genus y = 0. A Fuchsian triangle group can be generated by

two elements x,, X, satisfying :

X=Xy =(x,x,)™ =1
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1 1 1
+—+
m, m, m;

and <1

We know that a finite group G is a group of automorphisms of a compact Riemann
surface of genus g > 2 if and only if there exists an epimorphism ¢ from I onto G which
preserves the periods of I and we call G a smooth quotient of I'. So an admissible
triangle group (4, m, n) will be a group of automorphisms of a compact Riemann
surface S of genus g > 2 if and only if it is a smooth quotient of a Fuchsian triangle

group (4, m, n) where

1 1 1
——+—<1.
/ m n

We must look at proper quotients of Fuchsian triangle groups to get solvable groups.
Also smooth quotients of Fuchsian groups are particularly interesting for their connection
with Riemann surface automorphism groups. Therefore the study of solvable smooth
quotients of Fuchsian triangle groups is of special interest.

Macbeath showed [96] that maximal automorphism group of compact Riemann
surfaces occur as quotients of Fuchsian triangle group having periods 2, 3 and 7 and
these groups are perfect groups. Similarly Chetiya [23] in his Ph. D. thesis showed that
the maximal solvable automorphism groups are also quotients of a Fuchsian triangle
group having periods 2, 3 and 8. A quotient of a Fuchsian triangle group is a two
generator group. This shows the importance of finding quotients of different classes of
Fuchsian triangle group from a strictly group theoretic point of view. This was the
theme of the papers by Chetiya [24] [25], Chetiya and Kalita [32], Chetiya, Dutta and
Patra [27], where the existence of several infinite classes of two generator finite solvable
automorphism groups of compact Riemann surfaces was proved.

In this chapter we want to generalize these results for any Fuchsijan triangle group
I = (4, m, n). As we are interested in finding solvable quotients of Fuchsian trianglé

group, we consider those Fuchsian triangle groups whose quotients are non-perfect- It
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may be noted that a non-perfect quotients of Fuchsian triangle group contains atleast
two periods which are not relatively prime.

In the course of the development of the contents of this chapter we need to find the
signature of some normal subgroups of finite index of Fuchsian groups. A general
method of finding the signature of a subgroup of finite index of a Fuchsian group is
described by Singerman in [124]. Maclachlan [102] also devised a method of obtaining
the signature of a normal subgroup of finite index of general Fuchsian group by using
the findings of Macbeath [96] and Knopp and Newman [85]. This result of Maclachlan
was used by Bujalance, Gamboa and Gromadzki [15] for compact Fuchsian groups. We
shall use a version of Maclachlan’s result and include this result (without proof) in the

form of a Lemma (2.1.1).

We now proceed to find an infinite family of finite solvable smooth quotients of the
Fuchsian triangle group (¢, m, n).

In our discussion let us agree to denote the h.c.f. of the numbers n, n,, n,
by (n,, n,, n,). Also if the numbers n,, n, and n, are pairwise (or relatively) prime then
(n, n, n) =1, but not conversely. We can now turn to the actual analysis of the
admissible triples. We divide the admissible triples broadly into the following classes :

Class I : (¢, m, n) where (¢, m) =d > 1 and (¢, n) =(m, n) = 1.

Case II : (¢, m, m) where ({, m) =d, > 1, ¢,n)=d,>1, (m, n) = 1.

Case III : (¢, m, n) where (£, m, n) =1 =1, (), m) =1d, (4, n) =rd,, (m, n) = rd,.

In case r = 1, at least one of d,, d,, d, is not equal to 1 because then
(4, m, n) will be a perfect group.

The periods 4, m, n are taken as unordered. All the above three classes will be stated
latter on in the form of theorems.

2.1 Existence of solvable smooth quotients

We start this section with a definition followed by four lemmas which will be used

in proving our main theorems.
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Definition 2.1.1 : Let K be any group. For each integer n, K| is defined to be

the subgroup of K generated by the n* powers of the elements of K. In what follows we
shall use the notation K to denote the i* derived group of a group K.
Let I’ be a Fuchsian group having signature I' = (y; m, .., m,), k 2 2, then

the periods of T are said to satisfy the lLe.m. condition if the

[m,,...h;,m, e my ]= [m,,...,mi,...,mk ] for all i, 1 <i <k, where f; denotes omission

of m. It may be noted that [a, b] denotes the l.c.m. of a and b.
For satisfaction of the l.c.m. condition, the group must have at least two periods. If

the periods of a Fuchsian group satisfy the l.c.m. condition then the next derived group

must be a surface group [99].

We now give Maclachlan’s version without proof for finding the signature of normal
Fuchsian subgroup of finite index in Lemma 2.1.1. This Lemma will be followed by 3

more Lemmas : Lemma 2.1.2, Lemma 2.1.3, Lemma 2.1.4. The proof of these Lemmas

are given in this section.
Lemma 2.1.1 [15] [107] : Let T = (y; m, .., m,) be a Fuchsian group with

generators X , .., x, of finite order and a,, B, --» &, B, of infinite order. Let N be a normal

subgroup of I of finite index. Let p, be the order of the image of x in the quotient %

m; ~r: - .
andletl = {1 <i<k;m #p]}. Alsolet I = A and Si_[ N]pi for every i € I then

N = (¥; n, .., n), i € I where each n, occurs s, times and ¥ is obtained from :
)
[C: N]—ﬁ- ...... (2.1.D)[73]

The proof is omitted.

Lemma 2.1.2 [24] : Let K be a Fuchsian surface group of genus g and K/, the

derived group of K. If for each positive integer n, K* denotes the subgroup of K
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generated by the n™ powers of all the generators of K, then the product K =K K’ is

a normal surface subgroup of K such that [K : K ] = n’%,

Proof : Let K be generated by the elements o, By e a, Bg. Then it is clear that

K, the subgroup generated by the n" powers of all the generators of K is a characteristic

subgroup of K. Also since K/, the derived group of K, is characteristic in K, the product

K, =K'K' is a characteristic subgroup of K. Further since K’ c K, % is abelian.

Let a, b, .o a, bg be the images of a, I o, Bg under the natural homomorphism

of K onto %n . Now the quotient I%(, is a free abelian group of rank 2g, so %n

is generated by a,, b;, ..., a, b, with defining relations a" =b"=..=a"=b"= 1.
Therefore %n =2,9..9z, with 2g copies of the cyclic group Z_ and so

[K: K] = n%,

Lemma 2.1.3 : Let T be a Fuchsian group of non-zero genus whose periods
satisfy the l.c.m. condition and let ‘¢’ be the lc.m. of the periods of I". If I is the
derived group of I' and T, is the subgroup of I' generated by the ‘k¢’-th power (k 2 1)
of the generators of I', then T’ =T I" is a surface subgroup of I'" of finite index for any
positive integer k = 1.

Proof : LetI' = (y;m,, ., m),y>0,822,m2 2 be such that the periods of I'
satisfy the l.c.m. condition with l.c.m. of the periods of I" being equal to ‘¢’.

Let X, ..., X, be the finite order generators with orders m,, ..., m_ respectively and
o, B o, [3Y be the infinite order generators of I satisfying the relations :

L I
X xs —Hxi

¥
1
=1

[@,p1=L (2.1.2)

i=1 j

As in Lemma 2.1.2, I = T, I" is a normal subgroup of I". Let u, .. u,a

> Vs T
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be the images of x,, ..., X, &, B, ..., &, B, respectively under the natural homomorphism of

s> 1

I’ onto %s , then %S is generated by u, .., u, a, b, ..., a, b satisfying the relations :

Since I c I, so %s is abelian and therefore the generators of % will commute

with each other. Therefore (2.1.3) reduced to :

" =...=u*=u,.u,=1. .. (2.14)

Further since I',, € T', we have

ub = =uM=al=pi=.=a¥=b'=1. .. (2.1.5)

From (2.1.4) and (2.1.5) it follows that, the generators of %s satisfy the following

relations :
m! —
u =..=ugy =) =
y ) w | (2.1.6)
and af=b’=..=a‘=b/ =1

From (2.1.6) we conclude that,

9

I/ =~
/1 —?ke 69...6921(562tl EB...@Ztr

27—su;lmands

wherer<s-landt € {m, .. m}.

Hence [T : T'] = (k€)>{t, ... t } which is finite. We now apply Lemma 2.1.1 and we
have, p, = m,, p, = m,, ..., p, = m and hence n, = ... =0, = 1. Therefore I, contains no
finite order generators. Since any finite order element of a Fuchsian group is a conjugate

of a power of a finite order generator, I, contains no finite order element. Thus I, is a
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surface group whose genus can be calculated from (2.1.1). This completes the proof.

Lemma 2.1.4 : Let T’ =(y; m, ..., m, n) be a Fuchsian group with s - 1 occurrences
ofm,s>2,m=>2,n==2,v2=1and (m, n) = 1. Then for any positive integer k, k = 2,
I" has a Fuchsian subgroup I', whose periods satisfy the l.c.m. conditions and I' is of
index d*-%?* where d = (k, m) in I'.

Proof : Let x,, ..., X, _, be the generators of I" of order m, x_ be the generator
of order n and o, B, ..., &, B be the generators of infinite order of I'. Let I’} be the
subgroup of I" generated by the k® powers of the generators of I, then k > 2 otherwise

It coincides with I'. It follows that I} and I, the derived group of I, are

characteristic subgroups of I and therefore the product I, =TT is a characteristic

subgroup of I' and so a normal subgroup of I'. Moreover I = T, so %k is abelian.

a, by, .., a,b be the images of X, vous X, |y X, @y By wos Oy By

Letug, ..., u _,, u,a,D0,

s?

respectively under the natural homomorphism of I" onto %k . Then we have,

= —ak —phHk —
k = = uk l=usk=alk=b]k—...—a1—by_l,

and uf=.. .

where the elements commute with each other.

As (m, n) = 1, the relations :
ut=u ..u=ur=1i=1.,s-1giveun =1
and u _, = ..u )"
If (k, m) =d, d =1, the relations :
um=uk=1,i=1, .., s -2 gives

ui=1fori=1,.,s-2.
So %k =22, 0.0z, Dz, &.. Dz, with (s - 2) copies of cyclic group Z, and 2Y

copies of the cyclic group Z . Hence [T": I ] = d* %k¥. Now by application. of Lemma
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(2.1.1) shows I', has periods equal to n and ") and as k > 2 and y > 1, each of the

periods are repeated at least twice and hence the periods of I, satisfy the l.c.m. condition.
This completes the proof.

We are now in a position to give the proofs of the theorems on the existence of

solvable finite smooth quotients of Fuchsian triangle groups.

Theorem 2.1.1 [50] : Let T = (¢, m, n) be a Fuchsian group where ¢, m, n
are positive integers = 2 such that (¢, m) =d > 1 and (f, n)=(m,n)=14m,n
donot simultaneously assume the values £ =m =2 or £ =m = 3, n = 2. Then for

each positive integer k 2 1, I' = (¢, m, n) has a solvable smooth quotient G, of

derived length 3 and of order
(KO dn*la™ b

Proof : Let £ =ad,m=bd,d>1,(a,b)=1,a21andb 2> 1.
Let I be generated by elements x,, X,, X, satisfying :

ad — bd — v n _ =
X, =x"=x"=xxx, =1

or equivalently,

—_ bd _ -

1

Let u, u, U be the images of X, X, X, respectively under the abelianizing

homomorphism from I" onto %,. Then %, is generated by u, u,, u, satisfying :

ad — g bd — 3y n _ -
u, u,=u"=uuuy, =1

— 43 bd —
or u=u= (uu) = 1.

1
The above relation gives u™ =u = 1.

But (a, b) = 1 implies u ¢ = 1.

So %,sid.

By Lemma (2.1.1) ' =[y ;a,b,n,...,n].

d-times

From (2.1.1) we gety = 0.
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So r ={a’b’&;’_‘3} ...... 2.1.1.1)

d-times

Next let I'” be generated by y,, ..., Yo ¥4, » Y4, , Satisfying :

Y =Y E e TV Y T a2 =Y Ve YauYaea = b
Then I%”—:—zn ®...®&z, with (d - 1) summands.

Application of Lemma (2.1.1) gives,

I—w =[Y',; a,...,a, b,...,b ] ...... (21]2)
n'—times n®'-times
From (2.1.1),
" __ 1 d-2 _
Y =30 [n(d-2)-d]+1. L. (2.1.1.3)

y”:Oonlywhend=20rd=3,n=2.Fora11d24,n23,Wehavey”>0.SOfr0m

(2.1.1.2) it is seen that the periods of I'” satisfy the l.c.m. condition. The l.c.m. of the

periods being ab = t, say. Hence by Lemma (2.1.3) I has a normal surface subgroup

I, = I I of finite index for every positive integer k > 1.

Now  [[":I]=(kt)* a" 'b" k21

The genus of I, calculated from (2.1.1) is,

Vs = %(kt)“' a™ 2p™ ~2(2ab(y" - 1) +n*"(2ab-a-b)+ Lk 21,

where y" is given by (2.1.1.3).

Let GS =% which is a smooth quotient of I" and G, & G/ bG/EBG"= {1}

showing that for every positive integer k = 1, G, is a solvable smooth quotient of I' of

derived length 3. The order of G, i.e.
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I—'ﬂ ‘
I“N .

=[5V

—d-n% k)P " H T k2 ]

d-1

— k0 o doaa 0 s 2.1.14)

where v/ is given by (2.1.1.3). Hence the theorem.
Corollary 1 : When a =b =1, then I'" is a surface group (2.1.1.2) and by Lemma

(2.1.1) we get a family of solvable smooth quotient of I" of derived length 3. In this case

the order of the group is (kt)*" dn®" for all k > 1 and whenk =1, I = T"_ and we get

d=1
.

a metabelian smooth quotient I/l“” of I' of order dn

Corollary 2 : If one of a and b is strictly greater than 1, i.e. eithera=1, b >1
ora>1,b=1then I =(d, bd, n) or I' = (ad, d, n). The result of Chetiya [25], Chetiya
and Kalita [31] comes out as special cases whend =3, n=2and /=2, m=4,n = 5

respectively. We now have,

I“’=[b,n,...,n ot F’:{a,n,.‘.,nJ
H.—_J \_«—J
d—times d—times

and l—*ﬂ': Y”,M or l—nr.r:{,yﬂ'; a,."’a J
11UH —tlimes n’rl— times

In both the cases the periods of I satisfy the l.c.m. condition and we get a family
of solvable smooth quotient of I" of derived length 3(if v" # 0) and the order is obtained
by putting a = 1 or b =1 in (2.1.1.4). If d = 2, ¥" = 0 and in this cage [ is a normal
surface subgroup of I with finite index. so by Lemma (2.1.2), T haq 3 normal surface
subgroup I', containing I'™ such that [ : T]=k* kis any positive integer greater

than or equal to 1, and g is the genus of I'\. Thus we get a family of solvable smooth
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quotient of I' of derived length 4.
Corollary 3 : fa#1,b#1,d=2ord =3 and n =2, then v’ = 0. ' is a surface

subgroup of I of finite index. In this case also by Lemma (2.1.2) we get a family of

solvable smooth quotient of I" of derived length 4.
Theorem 2.1.2. : Let T = (¢, m, n) be a Fuchsian group where ¢, m, n are positive
integers > 2 such that (¢, m) =d, > 1, (4, n) =d, > 1, (m, n) = 1 and (d,, d) =1

(as (m, n) = 1). Then for each positive integer k > 1, I" admits smooth quotients of order

_ 27, -1 AL w2y~ d,=AL -2y, d-B7 -2y
d,d, k2 0 VARV e h’/ ‘h, s “k>1

and of genus :

1 [aA+27k’lb%l+21k—lC%2+27k—1tZYk )[Z’Yk_ 2

Al 3oy =1, A -
oh, 2 DA,

where A =h®'h$'k*, h, = (b, k) and h, = (c, k).

Proof : Let us assume that £ = ad d,, m = bd,, n = cd, where a, b, c are prime to

each other.

Let I be generated by elements x, X, and X, satisfying :

add, _ _bd d
X1 =Xy =Xy =X XX, =1

1 d,d d
or equivalently, x{"“ = xgdl = (x,x,) =1.

Let u, u, u, be the images of x,, X, and X, respectively under the abelianizing

homomorphism from I" onto F/I‘" Then %' is generated by u, u, and u, satisfying ‘3

ad,d
i =u)t =ut =uu,u, =1
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d, bd
or uph® = uy® ':(uluz)cc'2 =1.

The above relations give,

u?ldz =1 as
d
(u,u,)*" = 1= uihug® =1
d2 —_
= u;’u, =1
i _d2
=u,=u,"’.
Now, u™® =u)" =1

: ui]ldldz = (ul_dz )bdl - 1

ad d

— ™% = -bdd,

=1

Therefore uf'd’ =1, as (a, b) = 1.

So, %, =Zggq, -

By Lemma (2.1.1),

r =('Y ;a,b,...,b,c,...,c] . (2.1.2_1)

d,—times d,-times

From (2.1.1) we get 7'=%[(d, ~1d,-D].

By Lemma (2.1.4), I has a subgroup I, k > 1 of finite index whose periods satisfy

the l.c.m. condition.

Let Iy = {x* x € I} be a subgroup of I, fork > 2. Let T, = [T, then by Lemma

(2.1.2) T, is normal in I of finite index.

’
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: I’ . .
AsT" T, < I so is abelian.
= I T,

Consider an abelianizing homomorphism :

'_)l_/
rk

' ’ [ .

Let u,uj,...,Uq,Vy,esVg,2,by,.,a0,b) be the images of X,X[,...,

’ !

o,Bys...,0y By TEspectively under the above mentioned homomorphism satisfying the

conditions :
a _ .tb_ —n'P — ' _ — ' ’ ’ t ’
u —ul —'.'_udz —Vl _...—le _‘uul...udzvlnaonl =1
k= rk= Ik=lk_ otk _ k _ 1.k K Kk
and uf=uif =.aup =Vt =L =vy=a) =bf = =a} =bf =1,

where the elements commute with each other.

If (b, k) =h 21, (c, k) =h, 2 1, then the above relations give :

thy g thy _ thy o _thy
ul —.-._udz —V] —-...-—le —l

and the elements commute with each other.

We conclude that,

% =z, ®.. @zh @zh .0z, , 92, ©..9z,

(dy-1) summands (d,-1n summands 2y —summands

Therefore,:
l-‘ !
4

By Lemma (2.1.1) we get,

=h{"'hy k™ =A | say

S A

—umes

—umes

h, h2
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Since the periods of I', satisfy the l.c.m. condition, therefore I'/ is a surface group.

The genus of y, calculated from (2.1.1) is,
ykzé 2y’—2+d2(1—l)+d,(1—l —L—L+l+l +1
2 b c h, h, b ¢ :

By Lemma (2.1.3), let us construct another subgroup I, generated by t "(t > 1)

power of the infinite order generators of I, .

Let N = 1“k l'J then N is normal in F of finite index and %I is abelian as

We now have,

Iﬂ/N_z .0z, @ZA D.. @z/ @zAzEB @z/ Dz, D..02,

B—V—J
(A-1) summands - ~ 2y, —~summands

(y -1) ) summands (%2 1)—summands

where {' = is the l.c.m. of the periods of I, .
i,
(-1 % -1 '
Therefore =a*! b h C RS
hl h2

2y
a t A+27k-lb%l+27k’l %2+27k—1
=7a A a ¢
A +27k—l A +2y, -1
h/ ™ h/ ™
2

1

=B,say .. (2.1.2.3)
where A is given by (2.1.2.2).
By Lemma (2.1.1) we have N = (v; ...).

Since N is a surface group and therefore G = IX\I is a smooth quotient of I and the
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genus obtained from (2.1.1) is

yn=§- 2y, —2+A 1+L+—]——l—l—l +1
2 h, h, a b c ’

where A and B are given by (2.1.2.2) and (2.1.2.3) respectively. Therefore we have

27y A -1 A
t _ +2y,-1 +27,~1
(a“zv* le' ) CA’ ) )[ZYk—Z

Yn= A
+27,~1;, AL +2y,-1
2h kP Tp D6,

Now the order of G is,

61419 | 74,

1‘/
N

, _ w27,-1 B 4211 =04 <2y, d-B gy,
=d1d2k27 t P g A2 lb%l C/ 2 h, _7/: h2 Az Jk>1-

Thus I' admits smooth quotients, but we cannot say whether it is solvable or not.
This completes the proof of the theorem.

Corollary 1. : If a=b =c =1, then I admits abelian smooth quotients of order
1 .
d,d, and of genus 5[(d' -1, —1)] as well as metabelian smooth quotients of order
d,d,k* and of genus,

k(“"‘)(dfl)[%(dl -1)(d, —1)—1]4—1, fork 2 1.

Proof : From (2.1.2.1) we have I = (v; ...), which shows that " admits smooth

1
quotients of order d,d, and of genus 5[(d1 -1, —1)]_
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For the second part, we apply Lemma (2.1.2) and we define a subgroup,
[ ={xxel fork>1}of I'.

Let N = I"kl'”, then N is normal subgroup of I' of finite index.

AsT' ¢ Fkl" "= N, therefore % is abelian. Consider an abelianizing homogmorphism :

T T
o: >4
We get %;zkﬁa...@zk.

2y'~summands

Applying Lemma (2.1.1), we have N = (y/; ...) which shows that N contains no finite

order generators. Thus N is a surface group, whose genus can be calculated from (2.1.1)

and is,

” - - 1
Y =kOTE D[E(d‘ -1, —1)—1]+1, fork > 1.
If we set G = %, then G is a smooth quotient of I', since N is a surface group. Also

G = FA,G:” = r%\l ={1} as [ = N. Therefore G & G' 2 G” = {1}. Hence G is metabelian.

Now the order of G i.e.,

G54
Al

=d,dk*, fork > 1

and v'=%[(dl—1)(d2—l)].
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Corollary 2 : Let a =1 and b, ¢ > 1.

From (2.1.2.1) we have,

' ',
I'=| v"b,...,b,c,...,C
——— —— |
d,~times d,-times

Therefore I is a surface group as the periods of I satisfies the l.c.m. condition.

Now for application of Lemma (2.1.3), let us define a subgroup,
I = {x, x € [’ for any positive integer k > 1}
of I, where bc is the l.c.m. of the periods of I”.
Let N = I“k[J/ then N is normal in I
Further T’ c rkr” =
Therefore FX\I is abelian as it contains T'". Considering an abelianizing

homomorphism :

o: T %FX\I we get,

FA\rzb@ 92,02,0.. 02,02 .. B2y

(d,-1) summands d,-1 summands 2y —summands

Therefore,
T4 | = b4 bek)™

_ plar2r=i die2r-1p 2y,

Applying Lemma (2.1.1) we get N = (v; ...), which shows that N contains no finite

order generators. Thus N is a surface group and the genus Y calculated from (2.1.1) is

d d
%b ,+27-1 d+2y-lky[dd __2.__1.-—11|+1;k21

, 1
where Y =§(d1 -1, -1).
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If we set G= 17N’ then G is a smooth quotient of I" as N is a normal surface group.

Also GI = F/N,G" = r%\l = {1} as I'” c N.
Therefore G & G/ B G = {1} showing that G is metabelian.
The order of G, |G|=\%‘=‘%,.|1"%\Il___ d,d,bo 1Y 5],

Theorem 2.1.3 : Let T" = (4, m, n) be a Fuchsian group where ¢, m, n are positive
integers = 2 such that ({, m,n)=r>1and (/, m) =1d,, (¢, n) =rd,, (m, n) = 1d,, for some
non-negative integers d,, d, and d,, where d,, d,, d, are pairwise prime to each other.

Then I admits a metabelian smooth quotients of order,

I'zdzd d3k21'ard1d3+27'—l brdld2+2y’—lcrd12+27'—l
172
and of genus,

l (ardld3+2'y'-lbrd,d2+27’-lCrdf+27'-lk2'y’ 2’Y' -2
2

d
+I'dl(d] +d2 +d3 —i—di—ﬁ-)]+l,k21.
a b c

Proof : Let us take £ = ard d,, m = brd,d, and n = crd d,.

12

Let I be generated by elements x,, x, and X, satisfying :

B.rdldz — bl’d]d3 — Cl'dzdg — —
or equivalently,
al'dldz — brd d3 - crd,d -
Xpo =Ky = (xx,) 0 =1

Let u, u, u, be the images of x,, x, and x, respectively under the abelianizing

homomorphism from I'" onto %,. Then %, is generated by U, u, and u, satisfying :
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or

Now

Now

Also,

ardyd, _ brdids __ . crdyds _ _
up e =0, " =uy P =uu,u, =1,
ardid, __ brdd; _ crdody
u " =u, " =(u,u,) =1.

crd,d
(u,u,)" 2 =1
= ucl:rdzdjug‘rdzd3 =1
d -rd
=u? =u, °.

brdyds _
u, =1

-rd, y—=bd
= (u; )"0 =1
= u;bd‘dz =1
= u‘ldldz =1.

ard;d
a4 =1

= u;td‘d3 =1

dyd
=u, ' =1.

SO, %’ = Zrd,dz @ zrdldi .

By Lemma (2.1.1) we get

2 !,
I"=|+vy a,..a, b.b,c..cC

rd,d,~times rd;d;—times yq?_times
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where v/ can be calculated from (2.1.1) and is

, rd,

Y = T[rdldzdz, —-d, —d, —d, ]+1. ...... (2.1.3.2)

Obviously y' # 0.

Since the periods of r satisfy the l.c.m. condition, therefore I’ is a surface group.

Let us define a subgroup,
I, = {x%* ; x e T’ for any positive integer k > 1}

of I, where ¢, = abc is the l.c.m. of the periods of r.
Let N = [, and N is normal in T".
Further I ¢ T,J" = N.

Therefore F/N is abelian (as N contains I').

Considering an abelianizing homomorphism :

¢:r'—+FA

wehave U= 2,8..02, ©2,0..02, ©2,0..92, 02, .07, .

v v
(rd,d;—1) summands  (rd,d,~1) summands

(rd,z—l) summands 2'y'-su‘:;1mands
Therefore,

' r%\l l = "y préidy-l rdi- (ke

dyda 27 -1 1dyd,+2y'-1 _rd2+2y'-17, 27
= g didst27 -l rdida+2y cHi+2y kzy,kZI-

= A, say.
Applying Lemma (2.1.1) we have,
N=(@" ..,
which shows that N contains no finite order generators. Hepce N is a surface

group and
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'Y” - _;I_( ard,d3+27'-1brd,dz+2y'-lCrdf+zy'—lkzy' )I:Z,Y —9

d3 d2 dl
+rdl(dl+d2 +d3—?_—b_—?Jj|+1 ...... (2.1.33)
where y' is given by (2.1.3.2)

If we set G= %, then G is a smooth quotient of I', since N is a surface group.

Also G'= FX\I-,G” = F%\I ={1}asT’ cI " =N.

Therefore G & G' & G/ = {1}.

Hence G is metabelian. Now the order of G i.e.,

1|74
-

— 232
Therefore,
! 2 ’ ’
.22 I.'d]d3+2'y'—l l'dld2+21—l rd1+27—l 2
|Gl=r?d%d,d,a b IR k> 1.

Hence the theorem.

Theorem 2.1.3 gives the following corollary :

Corollary 1 : If a=b =c = 1, then I admits a family of abelian smooth quotients
of order r’d’d,d, and of genus,
rd
—H(rd d,d, ~d, ~d, ~d;)+1

as well as an infinite family of metabelian smooth quotients of order r2d’d,dsk”"
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, rd
and of genus k*'(y'—1)+1 for each k > 1, where Y =71(1'd1d2d3 —d, —d, —d;)+1.

The following cases were studied by P. Bhattacharjee in her doctoral thesis which
will come out as special cases in our study.

I. T =(2, m, n) where m, n are odd positive integers such that 2 < m < n and if
(i)m = n then I' = (2, m, m) has a solvable smooth quotient of derived length <
3. (i) m # n, then I = (2, m, n) has a solvable smooth quotient of derived length < 4.

II. T =(2, m, n) where m, n are even positive integers 2 <m < n, (m, n) =d > 2
then if (i) m = n, " has a solvable smooth quotient of derived length < 2. (ii) m # n,
then " has a solvable smooth quotient of derived length < 3.

II. T = (2, m, n) where m odd and n even, (m, n) =d, 2 <m <n .and if(i)d=1
then I has a solvable smooth quotient of derived length < 4. (ii) if d > 1 then I has a

smooth quotient.

2.2 Conclusion
From the above theorems we have come to the conclusion that for any admissible
triangle group we can prove the existence of finite solvable smooth quotients of the

Fuchsian triangle group whose derived length is less than or equal to 4.

ONO
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Chapter 3 : Solution to the minimum genus problem of a class of

Zs-metacyclic groups of automorphisms of compact
Riemann surfaces

3.1  Existence of smooth epimorphism

3.2  Determination of minimum genus




CHAPTER - 3
SOLUTION TO THE MINIMUM GENUS PROBLEM OF
A CLASS OF ZS-METACYCLIC GROUPS OF AUTOMORPHISMS

OF COMPACT RIEMANN SURFACES

In chapter 1, we mentioned about the famous minimum genus problem which is to
find the minimum possible value of the genus g(= 2) of a compact Riemann surface
admitting a finite group G as its automorphism group. This problem in its generality
seems to be too difficult to solve. Harvey [70] and Maclachlan [102] solved this problem
for cyclic and non-cyclic abelian groups respectively, while Glover and Sjerve [57] solved
the problem for PSL(2, p). The same problem for a class of non-abelian groups have been
partially solved by Chetiya and Patra [35], Chetiya, Dutta and Patra [26], and in the
doctoral thesis of P. Ahmed [9] where the class of K-metacyclic groups, Zs-metacyclic
groups of order pq where p and q are primes and quaternion groups were considered
respectively. Chetiya and Ahmed [8) studied the quaternion groups of order 4m belonging
to the family of metacyclic groups which are two generator groups.

Also Chetiya and Chutiya studied an important subclass of metabelian groups i.e., a
dihedral group D, of order 2n for every positive integer n.

As a first step towards solving the minimum genus problem for a general Zs-metacyclic
group, we consider a Zs-metacyclic group M of order 4p?* where p is an odd prime.

A group M is called a metacyclic group if there is a normal subgroup N of M such
that both N and % are cyclic. Thus a metacyclic group is a metabelian group which
has an invariant series M BN B {1} of length two. A Z-metacyclic group or a Zassenhaus
metacyclic group [139] is a metacyclic group of special type. In a Z-metacyclic group M,
the derived group M’ and %, are cyclic. Every Z-metacyclic group of order ‘/n’ can
be generated by two elements a and b with defining relations :

al=b"=1,blab=a
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where =1 (mod ¢), (r -1, ) =1
and (r - 1, ¢) denoting the h.c.f. of r - 1 and ¢.

A Z-metacyclic group M is called a Zs-metacyclic group if all its sylow subgroups

“are cyclic. The most important case of a Zs-metacyclic group is,

a=br'=1,blab=a;(r-1,p) =1,
where p is any odd- prime and r is a primitive root (modulo p). A Zs-metacyclic group
with the above defining relations is called a K-metacyclic group.
In this chapter we consider a particular Zs-metacyclic group M of order 4p?, p an odd

prime > 3 having a presentation :
<a,b:a"2 =b4=l,b"ab=a">, ...... 3.1)

It is known that any finite group and so also M acts as a group of automorphisms
of a compact Riemann surfaces of genus g > 2. Again the same group is representable
as a group of automorphisms of compact Riemann surfaces of different genera. The
objective of this chapter is to find the minimum such genus of a Riemann surface admitting
M as an automorphism group.

Throughout the rest of this chapter we shall denote by M, the Zs-metacyclic group
of order 4p? p an odd prime > 3 with above presentation (3.1).

We know that a Fuchsian group I' with presentation :

s Y
<xl,..-,xs,al,ﬁ,,...,a,,ﬁy XM ==X =HxiH[ai,BiJ=1> ...... (32)

i=1 i=1

where [a,, B,] = o !B, 'oyB; with

s 1
=2y =2 -
&) =2y +i§=l:[1 m-]>0 ...... (3.3)

1

is said to have the signature (y; m, .., m ). The integers m.(> 2) are called the periods
and y the genus of I'. If ¥ = O then the signature of I" will be written as (m,, ..., m) when

y=0 and s = 3 the group is called a Fuchsian triangle group. In view of (3.3) when
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y =. 0 the following sets of values for the periods of I" are untenable :
(1) {m, n} (i1) {2, 2, m} (i) 42, 3, 3}
(iv) {2, 3, 4} (v) {2, 3,3} (vi) {2, 3, 6}
(vii) {2, 2, 2, 2} (viii) {3, 3, 3} (ix) {2, 4, 4}.

If I has a presentation (3.2) then by Riemann Hurwitz formula,

|G m.

1

o—1 :
g(_g__)zz(y_l)Jer(l_J_], ....... (3.4)

Minimum of g will be obtained when the right side of (3.4) is minimum.

In the next section we establish a necessary and sufficient condition for the existence
of a smooth epimorphism from a Fuchsian group I' onto M and in section 3.2 we obtain
the minimum genus g of the compact Riemann surface having M as its automorphism
group, and the corresponding signature of the Fuchsian group I" having M as a smooth
quotient.

3.1 Existence of smooth epimorphism

Let I" be a Fuchsian group and M a Zs-metacyclic group having presentation (3.1).

Now any element of M is of the type bia' where 0 <j<4,0<1<p’[69]. We list below

the orders of the elements of M for different values of j and i :

Elements of the form Orders
b? 2
ba', b’a’; 0 < i < p? 4
a", 1 <t<p p

a, (i, p?) = 1 P’
b2, 1 <t<p 2p
b%a*, (k, p*) = 1 2p.

Let ¢ : I’ & M be a smooth epimorphism. Then
S Y
[Tox)[ Tl ). d,)1=1
i=1 i=1
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S ) =1
ie. H¢(xi)={H[¢(ai),¢(Bi)]} eM, . (3.1.1)
i=1 i=1

where M’ is the derived group of M. Now any commutator of M is of the form :

[bial, bsak] = a b 'a *b *bialbsa*
= g ~KED Qi1 4k

= g itkEDT D

= A KED (DR

Now for different values of i and s we get the commutator in the following forms :
i and s both even i and s both odd i even s odd i odds even
1 22k - ) a2 a
We have seen that the commutator [b'al, b*a*] is any power of a or identity .
ie. [blal, ba*] = a*¢ say, where (/, p»)=1. ... (3.1.3)
Therefore M’ is generated by a i.e., M’ = <a>.

We now list below the finite product of any finite power of the above elements. In

our main theorem we shall prove that t, which is the number of occurences of the element
ba' or bai is always even. So in the product we shall consider only even powers of ba

or bai(where one is the inverse of the other).

I (i) (b*)* =1e M for even t,.
=b? ¢ M for odd t,.
(i) Let t, = t/ + t,/.
Case (i) : t/ and t are both odd.

Lett/ =2m + 1, t!=2n+ 1;m, n20.
Therefore (ba')“(b*a’) =1e M/, when m, n are of same parity i.e. m and n both

are even or both odd.

= b? ¢ M/, when m, n are of opposite parity.
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Case (ii) : t] and t] are both even.

Then (ba')“(b%a')% =1eM'.
(iii) (a™)* eM'I1<t<p.
(iv) @@')" e M, (i,p?)=1-
(V) (b%a™)* =a"» e M’ for t, even.

= b2a P e M’ for t2p odd.
: k
(vi) (b2a*)* =a »* eM for t, even.

=b2akt2p2 e M’ for tzpz odd.

We now find the finite product of the power of the elements b?, (ba' or b’a’), b’a®,
b2a*; where (k, p?) = 1 and (i, p®) = 1 so that the result belongs to M.
We exclude the elements a and a' from the product, because the product of any
power of this two elements always belongs to M/ = <a>.
II. Let us take the product,
(b2)tz (bai)lg (b3ai )t; (b2aPt)tzp (bzak)tzf‘2 ;[t4 = t'4 + tZ]
and we already have
(ba')“ (b*a" )% =1,
when both t, and t,” are even. So we consider the product :
RN CR i KA (i i — (A)
for t, and t,” both even; and for t, and t,” both odd (t/=2m+1,t"=2n + 1; mn 20).
We consider the following product :
(b)) (ba') (b))t (™) (b2 . (B)
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Now ,
(a) When t,, tp tzpz all are even then the above product,
i) (A) belongs to M.

(ii) (B) belongs to M’ if m and n are of same parity.

(iii) (B) does not belong to M’ if m and n are of opposite parity.
(b) When t,, t,, 1, all are odd then the above product

6)) (A) doesnot belong to M.
(ii) (B) belongs to M’ if m and n are of opposite parity.

(iii) (B) does not belong to M’ if m and n are of same parity.
(c) When one of the t, t,, t,» is even and the remaining two are odd then

6y (A) belongs to M.
(ii)  (B) belongs to M’ if m and n are of same parity.

(iii) (B) does not belong to M’ if m and n are of opposite parity.

p2 is odd and the remaining two are even then

(d) When one of the t,, t,, t,

(i)  (A) does not belong to M.
(i)  (B) belongs to M if m and n are of opposite parity.
(iii) (B) does not belong to M’ if m and n are of same parity.

We are now in a position to establish the existence of smooth epimorphisms from a
Fuchsian group I' to the Zs-metacyclic group M of order 4p? where p 2 3 is an odd
prime.

Theorem 3.1.1 : Let T = (y; m,, ..., m), s 2 0 be a Fuchsian group of genus
v, then there exists a smooth epimorphism from I' to a Zs-metacyclic group M of

order 4p* where,
M= < a,b: ap2 =b*=1blab= a”l,p23 is an odd PI‘ime>
if and only if the periods and genus of I' satisfy the following conditions :

54




(1) If T is a surface group then y = 2.
(2) If T is not a surface group then the periods of I' must take the values from the
set {2, 4, p, p* 2p, 2p?*}.
3) Ift,t, t tpz » by and tzpz denote respectively the number of periods 2, 4, p,
p% 2p and 2p? then
(A) t, must be even.
.(B) Ifs=1then O T =(;p)sy=2
or ODF=CﬁﬁxYZL
(C) If s = 2, then I has the following signatures :
@ (y; 2, 2); 7 = 2.
Gi) (v; 2, 2p); ¥ = 2. ’
(iii) (y; 2, 2p®); v 2 L.
(iv) (y; 4, 4); v = 1.
V) (r; P D) ¥ 2 2.
(vi) (y; p, P ¥ 2 1.
(vii) (v; P> P) ¥ 2 L.
(viii) (v; 2p, 2p); ¥ 2 2.
(ix) (v; 2p, 2p"); ¥ 2 1.
(x) (v; 2p% 2p%); ¥ 2 1.
(D) If s>3 and t, = 0 theny 2 1.

(@) If t,, L2, t,» are simultaneously zero then y > 2.

(b) If ‘i’ is the only period of T, then t, cannot take odd values for the following
values of i :
i =2, 2p and 2p*
(c) () Ifi,j, k (i #j = k) are the three periods of I' then t, t, t _cannot take odd
values simultaneously for the following values of i, j, k :

i=2j=2p, k=2p
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(ii) If there are two periods of I' instead of three, taking values from the set

{2, 2p, 2p?} then the number of them will be both even or both odd.
(E)If s 2 3, t, =2 and (1) tpl»tzpz are simultaneously zero then y > 1 otherwise

v > 0. (ii) The conditions mentioned in 3(D) (b) (¢)(i)(ii) will also prevail in this

case [t, =t/ + t” # O0]. In this case y may be greater than or equal to zero. But

when t. and 1, both are simultaneously zero then y > 1.

Proof :
Necessity : (I) Let I" be a surface group and
é6: ' > M
be a smooth epimorphism. Then it is obvious that y = 2 as

m.

8(F)=2y—2+i(l—LJ>O_
i=1

2. Let T is not a surface group and let ¢ : I' = M be a smooth epimorphism.
Now any element of M other than the identity has order 2 or 4 or p or p* or 2p or
2p2. ¢ : I — M is a smooth epimorphism if and only if ¢ preserves the periods

of T [70]. Thus it follows that a period of I, if there is one, is an element of the

set {2, 4, p, p% 2p, 2p*}.

3(A). Let t,, t,, ts ta, &, and 1, denote respectively the number of periods 2, 4, p,

p’, 2p and 2p°.
Let ¢ : ' — M be a smooth epimorphism then the kernel K of ¢ is a surface group

of genus g(say). But then from the relation (3.4) we get,

g=1+4p*(y-1)+t,p’ +—23—p2t4 +2p(p—Dt, +2(p° -1t ,

+P2p-1Dt, +(2p* -Dt, .-
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Since ‘g’ is an integer therefore t, must be even.

3(B). Let ¢ : ' — M be a smooth epimorphism and I' = (y; m,). In view of

8(I‘)=2}'—2+(1—L]>0
m,

we have y > 1.

Let x, be the element of order m,. As ¢(x,) € M/ = <a>, so m, = p or p? since M/
contains the elements of order either p or p> Let us consider the case when m, = p. If
possible let y = 1. As ¢ preserves the periods of " so ¢(x,) = a”, 1 <t < p and ¢ is an
epimorphism gives :

d(a,) =bad; 0<i<4,0<j<p?
OB,)=ba% 0<s<40<k<p
where at least one of i and s must be odd and at least one of j and k be such that
G,p)=1and (k, p) = 1.
Without loss of generality let i be odd and (k, p) = 1.
For ¢ to be an epimorphism we must have
ox (), BN =1 e (3.1.1.1)
Now  [d(a), d(B)]1 = a*, (£, p) = 1. [from 3.1.3]
So (3.1.1.1) gives pt + 2¢ =0 (mod p?
ie. pt+2¢=0 (mod p)
The above congruence does not have any solution as ¢, p) =1.
When i and s both are odd then we have [from 3.1.2]
pt + 2(k - j) = 0 (mod p?)
ie. 2k -j) =p%-pt=ppt- t),. t>1
ie. k-j=0 (modp)
ie. k=] (modp)
ie. k-j=pmsay, m21.

Therefore we can contruct ¢ : I' = M as follows :
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(@ ¢x,)=a» (b) ¢(x)=a® (c) ¢(x)=a>"
¢(c,) = bal ¢(a) = b’a ¢(ct,) = ba
¢(B,) = ba ¢(B,) = b’a* o(B,) = b’a".
Now from (3.1.3) we have,
[d(xx,), $(B)] = a*, where (£, p?) = 1.
Therefore we héve seen that no finite product of the above mentioned elements in
each cases (a), (b) and (c) gives together a and b the generators of M. Therefore ¢ is not

an epimorphism, which is a contradiction. Hence y 2 2 when I" = (y; p).

3(C). Let s =2 ie., I' = (y; m, m,).

In view of 8(F)=2¥—2+(1——1—J+(1——1—J>0, we get y > 1.
m, m,

Let I" be generated by Xps Xps O B s a, BY where x, is of order m,, x, is of order
m, and a, BJ.; j=1,2, ..,y are of infinite order.

Let ¢ : I — M be a smooth epimorphism. Then we have,

Y
(% )0x)] [1o(a;), ¢ (BI=1
=1

-1
or ¢<x1)¢(x2)={ﬁ[¢(aj),¢(ﬁj)1} eM'=<a>,
j=1

So ¢(x,)9(x,) = 1 or a power of a.

We now give a list of the product of any two elements of M (elements may be
repeated). If we multiply two elements of order 4 then their product belongs to M’ only
when one element is taken as the inverse of the other because otherwise say x is an
element of M of order 4 then the order of x2 is 2 and so x*> ¢ M’ as M/ does not contain
any second order element.

(i) If the order of one element is 2 and other is p then their product does not belong

to M.
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(ii) If the order of one element is a divisor of 4 and the other a divisor of p? then

their product does not belong to M’ as (4, p?) = 1.

(iii) If the order of one element is 2 and other is the order either 2p or 2p* then their

product belong to M.

(iv) If the order of one element is 2p (and 2p?) and other is p or p? then their product

does not belong to M.

(v) Product of elements of order 2p and 2p? or 2p and 2p or 2p? and 2p” belongs
to M.

From the above list we can conclude that if I is a Fuchsian group having two periods

then for the existence of a smooth epimorphism from I' onto M, I" must have the following

signatures :
I =22 (i) I' = (v; 2, 2p)
(i) I = (r; 2, 2p?) (iv) T =44
)T = p, p) (vi) I = (v p, p?
(vii)) T' = (v; p% P? (viii) " = (y; 2p, 2p)
(ix) I = (v; 2p, 2p?) x) T = (v; 2p% 2p?).

For all the cases y should be greater than or equal to 1, but in the following cases
Yy=2:
(@ (1; 2, 2) (b) (v; 2, 2p)
(c) (v; P> D) (d) (v 2p, 2p)-
If péssible, let y = 1 for each of the above cases.
Let ¢ : T — M be constructed as follows :
for case (a) ¢(x,) = b?
d(x,) = b %(or b?
¢(ct,) = bial; (0<i<4 0<j<p)
0(B,) = b'ak(0 £ s < 4, 0 <k <p)
for case (b) ¢(x,) = b2
d(x,) =b%af; 1 £t <p
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d(a) =bla; (0<i<4,0<j<pd)
d(B,) =ba(0<s<4,0<k<p?)
for case (c) ¢(x,) = a*
o(x,) = a®
¢(at,) = blah; (0€i<4,0<j<p?)
¢(B,) =ba(0<s<4,0<k<p)
for case (d) ¢(x,) =b%a; 1<t<p
¢(x,) = (Y51 <t<p
d(o,) =blal; (0£i<4,0<j<p?)
o(B,) = b'ak(0 < s < 4, 0 <k < p?).
By the agrument given in the proof 3(B) we don’t get the generators of M and hence
¢ will not be an epimorphism in this case. Which.will be a contradiction. Hence y 2 2
for the above four cases.
3(D). If possible, let y = 0 for t, = 0. Let X,, X,, ..., X_ be the generators of
I having orders 2, p, p% 2p, 2p* only (since t, = 0). Now if ¢ is a smooth
epimorphism then ¢(x,), ¢(x,), ..., ¢(x,) must generate M. ¢(x,) has order either 2 or
p or p? or 2p or 2p? for each i. Now from the list IT mentioned in section 3.1 we see that
no finite product of the finite power of the above ordered elements gives b. Therefore ¢
is not an epimorphism, which is a contradiction. Hence to get the whole group M atleast

one pair of infinite ordered elements must be mapped to b and so y # 0 i.e.,, vy 2 1.

3.D.(a) : Let ¢ : T — M be a smooth epimorphism where

F= ;2’---920 seeey 92 ;"'92
Y Pseess Py &Py 2P

t,—times t_—times t,,~times

If possible, let y = 1 and X;,Xp, Xy, 321522500203V V20 sV be the generators of

orders 2, p and 2p respectively.

ie, o(x)=b%4i=1,2, ..t
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0(z) = 2™ l<t<pandj=1,2,.,t.

o(v,)=b%a™; 1<t <pandk=1,2, .,t,.

p
Since no finite product of the finite powers of b%,a”’,b%a™ will give us a and b the

generators of M, so ¢ will be an epimorphism if we map :

¢(c,) = b and ¢(B) = a % (y, p) = 1.

Now since ¢ is a homomorphism we must have :

TTeoT 10T Tovtece). o 1 =1
i=1 =1

i1

Iz',:Pl L
which gives, (b*)a™ 'Y b%a™ =[b,a”]' eM'.
k=1

lp lz')
i.e. Zptj+k)§| Pl

2! =q%

. t
ie. "[,z. ’?:.‘*] 2y

[because t, and t, both must be either even or odd[see the proof 3.D.(c)(ii)] and using
I(i) and (v) of the list mentioned in section 3.1]

te

‘I’
ie. 2y -pk =0 (mod p?) where k'=D.t;+2.t,.
~ k=1

=

ie. 2y-pk=ptt21
ie. 2y=ppt+k)t=>1
which is impossible as (y, p) = 1.

Hence for ¢ to be a homomorphism we must have v > 2.

3. D. (b) : If possible, let t be odd for the following values of i :
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yi=2 ()i=2p (ii)i=2px

Let t,, t, and t,» denote respectively the number of generators of order 2, 2p

and 2p% Now the product of the odd powers of the elements of order :
(i) 2 does not belong to M’ [using I(i) of the list given in section 3.1]
(ii) 2p does not belong to M’ [using I(v) of the list given in section 3.1]
(iii) 2p? does not belong to M’ [using I(vi) of the list given in section 3.1]
which is a contradiction. Hence t. cannot take odd values for i = 2, 2p and 2p%.

3. D. (c)(i) : If possible, let t, t, t, takes odd values simultaneously for the
following values of i, j and k i.e. i =2, j = 2p, k = 2p%

Therefore t, t, and t, denote respectively the number of generators of order 2, 2p
and 2p2 Now the product of the odd powers of the elements of order 2, 2p and 2p? does
not belong to M’ [using (i) of (b) of the list II given in section 3.1]. Therefore we arrived
at a contradiction. Hence t, t, and t,_ cannot take odd values for the above values
of i, j and k.

(ii) : If there are two periods of I" say i and j, and i, j take values from the

set {2, 2p, 2p?} then t. and t, must be both even or both odd, otherwise their product will

not be in M/ [using (a)(i) and c(i) of the list II given in section 3.1]
3.E. (i) : We are to show that if t, # 0 and t2:t)2 are simultaneously zero

then for t, = 2, ¥y 2 1 otherwise y = 0.

Let ¢ : ' =& M be a smooth epimorphism where

r = (Y; 2, soey 25 4, ey 4’ ps esey p’ p29 cete pz’ 2p’ b | 2p9 2p29 ceey 2p2)‘
Let x,,...',xtz,yl,...,yt4,z,,...,z,p,u],...,utpz,Vl,.--,Vtzp,V_V,,...Wtzp2 be the generators of

order 2, 4, p, p% 2p and 2p? respectively. We can map the finite order generators as
follows :

0x)=b4i=1,2,..,t,.
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o(y) = b2, j=1, 3, .., t, - 1 where 0 <y < p’
o(y) = b, j=2,4,.,t where 0 <y < p?
o(z)=a™, k=12, .., t.

bu) = a“, k,, P)=1,£=1,2, ., tp.

(b(vm):bZaP‘m ,m= 1, 2, ooy th'

¢(wn)=bzak“, (kn, P=1,n=1,2, ., tzpz.

If possible, let y = O for t, =2 and tpz ’t2p2 both are simultaneously zero.
In this case ¢ will be a homomorphism but not an epimorphism.

In the above mapping if we map the fourth ordered generators of I' in the

| following way :

d(y,) = b, ¢(y,) = ba

then ¢ will be an epimorphism but not a homomorphism, since it does not satisfy the

defining relation (3.2). Hence y 2 1 for t, = 2 and t, ’t2 2 both are simultaneously zero.
4 p P

3 (E) (ii) : The proof is similar to 3.E.(i).

Sufficiency :

Let I” be a Fuchsian group whose periods and genus satisfy any one of the conditions

(1) to (3). Let I have a presentation of the form :
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< xl,..o,xlz,yl,..-,y[.‘,Z]1-.-,le,ul,---7u ,V] Vl ,Wl, Wt z,al,Bl,...,ay,ﬁy :
2p

X‘
._.

1 1 1
where 2*‘2“2(1‘5)“4(l-z)“v(l‘g)*‘v{l‘piz)
1 1
vl 15 Jro 15 o

(1 25 ves 2, 4, oy 4, Py wes Py P2 s P55 2Ds s 2D, 2P7, ..., 2DP).

That is I has the signature :

Further t, is always even. t, = 0 implies y > 1 and if t, # O then y > 0. Also according
to the conditions stated in the theorem (3.1.1) v, t,, €, L2, t,, L can not take certain

values simultaneously.
We now investigate the following cases :
I. Fors =0,y 2 2.
Let us define d(a) =a=¢@B)
¢(a,) = b = ¢(B,)
B(o) = 1= ¢(B), (i =3, 4 s V).

Then ¢ is a homomorphism because the images of the generators of I" under ¢ satisfy
relations identical to the defining relations of I' given in (3.1.1.2). Also since a and b
generate M, ¢ is surjective i.e., ¢ is an epimorphism.

When the periods of I satisfy the conditions (2), (3) (B) then,

II.s=1and @I =(;p)y=2

or (MIT=(;p)hyzl
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We exhibit a smooth epimorphism ¢ from I' to M in each of the above cases.
For case (a) ¢(x,) = aP

d(a) =b, ¢(B)) =a», 1<y <p

d(a,)) = a = (B,

d(a) =1 =60PB)1=3,4, ...,7.

Now ¢ will be a homomorphism if

B0k, b, ) 0B, Tty ), 0B T10CeL, ), 0B = 1
i=3

= af[b, a”][a, a] . 1 =1
= af(b'a™ba?) . 1 =1
= af.a® =1

= p(1 + 2y) = 0 (mod p?
= 1 + 2y = 0 (mod p)
= 2y = - 1 (mod p).

Since (2, p) = 1, therefore y has a unique solution.

Hence ¢ is a homomorphism and also a smooth epimorphism, since ¢ preserves the
periods of I.

For case (b) we define ¢ :' ' — M as follows :

0(x,)) = a?
o(a) = b, ¢(B,) = a
o) =1=¢@P)i=2,3, ... 7.

It is easy to verify that ¢ satisfy the relation (3.1.1.2) of I'. So ¢ is a homomorphism
which preserves the periods of I'. Moreover ¢ is onto. Hence ¢ defined above is a smooth
epimorphism.

III. When T has the signature given in 3(C) of the theorem (3.1.1) a given mapping

¢ from I' onto M will be a smooth epimorphism if the images of the generators
of T under ¢ satisfy relations identical to the defining relations of I' given in

(3.1.1.2) and the finite order generators of I' preserves their orders under ¢. Let
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us now exhibit a smooth epimorphism ¢ : ' = M in each of the cases of 3(C)
from (i) through (x).
@) (y522); r22
o(x)) = b% ¢(x,) =b?
¢(a) = a=¢(B)
o(a,) = b = &(B,)
da) =1=0B) G=3,4, ... 7).
(i) (v5 2, 2p); vy 22
d(x,) = b2 &(v,) = brap
d(ct,) = b, 4(B) = a¥, 1 <y < p
d(a,) =a=¢(B,), d(a) =1=6¢P),i=3,4,..7.

Now ¢ will be a homomorphism if,

0(x )6V [ TI0(0t,).0(B)1 = 1
i=1

= b2 . b%rP[b, a”] [a, a] = 1
= aP(b'a™b)a” . 1 =1
= afa® =1
= p(1 + 2y) = 0 (mod p?
= 1 + 2y = 0 (mod p)
= 2y = - 1 (mod p).
The above congruence has a unique solution. It is obvious that ¢ is a smooth
epimorphism.
(iii) (y5 2, 2p°); v 21
¢(x,) = b ¢(w)) = b’a’
o() = ab, 6(B)) = '
da)=1=9¢P),i=23, ... 7.

It is obvious that ¢ is a smooth epimorphism.

66




(W) (y; 4, 4); y=1

¢(y,) = b, ¢(y,) = b’

b)) =a=¢B), ¢(a) =1 =09B);1=2,3, ..., v.
It is easy to verify that ¢ defined as above is a smooth epimorphism.
V) (y;p P y=2

0(z) = @, ¢(z,) = a’®

d(a) =a=¢(B)

¢(a,) = b = ¢(B,)

d(a) =1=¢(B)i=3,4, ..,y
Vi) (y; p, p)s v 21

0(z,) = a°

¢(u) = a?

¢(a) =b, ¢(B) =a”*, 1 <y<p

da)=1=60B)i=23, ...

Now ¢ will be a homomorphism if

6(z,)0Cu,)d(c, ), 6B, T10(0t, ), 6B, )1 =1
i=2

= afa-?[b, a™*'] . 1 =1

= aP " la®+Npay ! = 1

= aP- 22+ = |

= p + 2py = 0 (mod p?)

= (1 + 2y) = 0 (mod p)

= 2y = - 1 (mod p).
Since (2, p) = 1, therefore y has a unique solution. Hence ¢ is a homomorphism and

also a smooth epimorphism since ¢ preserves the periods of T

vii) (v; 5 p*); v 21

6(u) = a, ¢(u,) = a’!

o(er,) = b = ¢(at,)
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b)) =1=0B)1=2,3, ..., 1.
It is obvious that ¢ is a smooth epimorphism.
(viii) (v ; 2p, 2p); vy =2
d(v) =b% 1 <t<p
o(v,) = (%), 1<t<p
o) =2a = ¢(B), ¢(a) =b = ¢(B,)
o) =1=0(B)1=34, ...
Obviously ¢ is a smooth epimorphism.

(ix) (v 5 2p, 2p°); v 21
o(v,)=b*a’™
o(w,) = b%, (v, p) = 1
d(a)=b,¢(B)=a """ 1<y <p.

Now ¢ will be a homomorphism if,

B0V DO [$(0,), 6(B)] = 1

= b2a2pylb2ay [b, a—(pyn+l)] =1

= a2py;+ya-2(py;+l) =1

>a =1
= y = 2 (mop p?).
The above congruence has a unique solution. Hence ¢ is a homomorphism and also
a smooth epimorphism since ¢ preserves the periods of I.
(x) (75 2p% 2p°); v 2 1
d(w) =b%" (k, p) =1
d(w,) = (b’ (k, p) = 1
#(0) =b=0(B,), d(0) =1 =8B i=23 .
It is easy to verify that ¢ defined as above is a smooth ePimorphism.

(IV) When the periods of T satisfy the conditions 3(A), 3(D)(a),(b),(c) of the theorem N
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(3.1.1) then for s = 3 we shall investigate the following possible cases :

I.sisoddand t,= 0, y 2 1, then

(a) t, odd and t,, -, t, o t,,» all are (non-zero) even.

(a) If t2,t, . both are simultaneously zero then y 2 2.

(b) t: odd and t, ty Gy tzpz all are even.

©)ty, t,t, all are odd and t.t,. both are (non-zero) even.

(c) if t2.t,» both are simultaneously zero then y 2 2.
@, t, t,,» all are odd and tpg’tzp are even.

e)t, te, Gy all are odd and t, t,2 both are even.

(f) t, t,2typ all are odd and t, t, both are even.

(& tp’tzp’tzpz all are odd and t,, £ both are even.

(h) ty, t,, ty all are odd and t,, t, both are even.
The following cases are untenable:

(i) t, odd and t tPz » by t,p2 all are even.
(if) t £, all are odd and t,t, , both are even.
(iii) ty Lo ty all are odd and t, t2p2 both are even.

(iv) t,, t .ty all are odd and t, t,, both are even.
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2.sis even, t,= 0, y > 1 then

(a) t, t

» t:, Ly t,,» all are (non-zero) even.

(a) If t:.t, > both simultaneously zero then y > 2.
() t,, t, both are odd and t, tpzatzpz all are (non-zero) even.
(b) If tpz,tzpz both are simultaneously zero then y > 2.

(c) t,, ty,2 both are odd and ty all are even.

tz’tzp

p

(d) t, L both are odd and t,, » L, all are even.

(e) L t,,2 both are odd and t,, t, t: all are even.

) t,, t, tpz s by all are ‘odd and tzpz even.

8ty t, t2-ty all are odd and t,, even.

(h) tp, t, t

ps by [y all are odd and t, even.
The following cases are untenable :

@ t, ¢ both are odd and ., t 2 t, all are even.

(i) t,, t both are odd and t,t, ;4 all are even.

(1ii) ty b both are odd and t2, , L, 2 all are even.

2p

(i) t, t,p> both are odd and ¢, L., t, all are even.

t. . all are even.

(v) Ly, Ly both are odd and t,, ty tap
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(vi) tpz , t2p2 both are odd and t,, ty ty all are even.

t, -

(vii) t,, L, t o> all are odd and t, even.

2
P 2p

When the periods of I satisfy the conditions 3(E) (i) and (ii) of the theorem (3.1.1)

then the above conditions will also be sufficient for construction of smooth epimorphism
from I" onto M with vy > O except for the case when t: and !, both are simultaneously

zero. In this case y = 1.

In each of the cases listed above a given mapping ¢ from I" onto M will be a smooth
epimorphism if the images of the generators of I" under ¢ satisfy relations identical to
the defining relations of I" given in (3.1.1.2) and the finite order generators of I" preserves
their orders under ¢. Let us now exhibit a smooth epimorphism ¢ : ' — M in each of

the cases listed above.
(I)(a) t, = 0; t, odd and tytsibyot, 2 all are non-zero even and y 2> 1.

dx)=b%i=1,3,..,¢-1
Ox) =b2i=24, .t
0(z) =a? ¢(z)=a", 1 <t<pandi=24, ., t-1

d(z)=a™, 1<t<p andi=35, .., t,

o(u)=a,i=1,3,.., tx~1

o(u)=a",i=24,.t,.

d(v) =b%a, 1 <t<pandi= 1, 3, ..., t, - 1.
o(v) = (%), 1<t<pandi= 2,4, .ty
d(w) = b2k, (k, p) = 1 and =13t =1,

d(w) = b2y, (k, p) = 1 and i=24,..,¢t, ;.

¢(a'l) = b’ ¢(B1) =aP’
o) =1=¢PB)i=2 3, . ¥
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Now, ﬁl¢<xi)¢(z,)l‘1¢(zi)1"‘[¢<ui)ﬁ¢(vi)ﬁ¢(wi)ﬁ[¢<ai>,¢<ﬁi>l
i= i= i=1 i=1 i=1 i=l

= b%b % ... b’b 2a%?aPa P ... aPa P aa’ ! ... aa  '(b%a”)(bart) !

... (b%ar)(b%a)!(b%a*)(b%a*) ! ... (b%a*)(b%a*) !(b" 'arba P),

. t —1 t

t .
tz% occurrences of (b%aP')(b%aP') !, 2p /2 occurrences of (b%a*)(b%a*) !, so that

TTox)0E O o] o] [o(v)[ To(w:)Iba?1=1,
i=1 i=2 i=1 i=1 i=l

Therefore ¢ is a homomorphism, also since a and b generate M, ¢ is onto. ¢ preserves
the orders of the finite order generators of I', hence ¢ is a smooth epimorphism.

Note : If in the above case t, = 0 then y = 0.

In the above mapping in place of the mapping of infinite order generators we map
the fourth order generators of I' as follows :
d(y,) = (ba) !, ¢(y,)= ba*, (k, p) = 1,
§(y)=b'i=35 .,¢t-1
0(y) =bsi=4,6,..,t,
and we get k = - (2p - 1) (mod p?)
which has a solution. Therefore ¢ is a smooth epimorphism since ¢ preserves the periods

of T'.
(a) If tpot,, both are simultaneously zero then y > 2.

In the above homomorphism [1(a)] we can map
¢(a2) =a= ¢([32)
and (o) =1=¢(B) fori=3,4,..,7

so that ¢ will be an onto homomorphism.

72



Note : In the above case when,
(1) t,= 2 and t,.%,, are simultaneously zero then y > 1.

We can construct the above homomorphism [1(a)] from I' onto M by replacing ¢(u,)
and ¢(wi) by :
d(y,) = (ba)'* and ¢(y,) = ba

and the other elements are mapped as above so that ¢ will be an onto homomorphism.

(2)t, >4 and 1;.t,; are simultaneously zero then y 2> 0.

The above homomorphism [1(a)] can be constructed from I" onto M as follows :
d(y)=Db
d(y,) = b*a*, 0 < k < p?
d(y,) = (bay ', d(y,) = b
dy)=b;i=57 ...t -1
d(y)=b'51=6,8, ... t,
so that ¢ will be an onto homomorphism and getting,
k=-2p-1) (mod p?

which has a solution.
(3) t, >4 and one of tpst,: is zero then y = 0.

The fourth ordered generators can be mapped as follows :
o(y,) = (bay ', d(y,) = ba¥, (k, p) = 1
Oy)=b,i=3,5 ...t -1
oy)=bli=4,6, ..t

so that ¢ will be a homomorphism and thus getting,
k=-(2p-1) (mod p?)

which has a solution.
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(b)t,=0; t, odd and t,, t L,

p> Loy all are even then y > 1.

p

dx)=b%i=1,3, ., t,- 1.
d(x)=b2i=24,..,t,

o(z)=2a,i=13,..,t -1
dz)=ar i=24,.,¢t.

P

du) =2a% ¢(u) =a,i=2,4,.., t: -1

o(u) = a 11=3,5,..,¢

p2 .
o(v) =bar, i=1,3, ..t -1
d(v) = (%P ', i=2,4, .t

2p°

o(w,) = bxak, (k,p)=1andi=1, 3, .., by -1,

d(w) = by !, (k, p) = 1 and i = 2, 4, ..., by,

d(a,) = a, ¢(B,) = b;
) =1=0B);i=23, .., 7

Now ¢ will be a homomorphism if,

1"[¢<xi>1‘”[¢(zi)¢(u1)ﬁ¢(ui)ﬁ¢(vi)ﬁ¢(wi)H[«b(ai),(b(ﬁi)]= 1.
i=1 i=1 i=2 i=1 i=

i=1

Now L.H.S.
=bb2.. bb2.akaP.. akaP.afaa'..aa'. (b%a")(b%a") '

.. (bfaP)(baPy ! . (b%a¥)(bkaky ! ... (b%a)(b%a¥) ! . a b 'ab

with t% occurrences of the product b% 2, t% occurrences of the product afa P,
(t,-1) a b 2gp0) 1

p A occurrences of the product aa ', "%/ occurrences of the product (b%a®)(b*2”) ',
tzp% occurrences of the product (b%*)(b%") ' and with a 'b 'ab = a2 so that
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TTox)[ oG 6@ TownT T To(w] Tioo:, ), 6B, )1 =1.
i=1 i=1 i=]

i=l i i=2 i i=1

Therefore ¢ is a homomorphism, also since a and b generate M, ¢ is onto. ¢ preserves

the order of the finite order generators of I', hence ¢ is a smooth epimorphism.
Note : In the above case if t, = 0 then y > 0.

In the above mapping in place of the infinite order generators we map the fourth

order generators of I" as follows :
8(y,) = b, §(y,) = b%, 0 < k < p?
o(y)=b1i=35 ..,t-1,
dy)=b;i=4,6,..,t, -~
and then we get k +2 =0 (mod p?
ie., k=-2(modpd)
which has a solution. Therefore ¢ is a smooth epimorphism since ¢ preserves the

periods of I'.
(c)t,=0; 1, sty all are odd and tpz,tzpz both are (non-zero) even then y = 1.

d(x) =b% ¢(x)=b2%1=2,4,6,..,t-1
0(x)=b%i=3,57, ..,t,
0(z) =2, ¢(z) =P, i=2,4,.,t -1

bz)=a?i=35 .t

ou)=a,i=13, ., t: - L

ou)=a',i=24, .., Le.

o(v) =b%P, ¢(v) =b%*, 1 <t<pandi=2,4, .., t, -1,
O(v) = (b%ary ', i =3, 5 .., t,,

d(w) =b%k, (k, pp=landi=1,3, .., {71
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d(w) = ¥y, k,p)=1andi=2,4, .., tzpz.

d(or,) = b, ¢(B,) = a'*, (k, p) = 1.
Pla) =1=60B)1=2,3, ..., 7.

Now ¢(x.)I1¢<xi)¢(zl>1‘“[¢<zi)f[¢(ui>¢(v,>ﬁ¢(vi>ﬁ¢(wi>ﬁ[¢(ai),¢(ﬁi>1
i= i=2 i=l i= i=1 i=1

= b%(b 2b? ... b 2b?)(aP)(afa’? ... aPa P)(aa ' ... aa  ')b%aPbaP(b%af!) !
... (b2aP)(b2a?) 'b2ak(bak) ! ... (b%a*)(b%a*) '[b, a-P] . 1

) - - t
with ©2 % occurrences of b 2b?, (tp % occurrences of af.a"P, P% occurrences of

aa'!, '2p _% occurrences of (b%a*)(b%a?) !, tZP% occurrences of (b%a*)(b%a*) ' so that

[To0TTo@ ) Tl ToevoT oL Tibe ) 6B =1.
i=1 i=1 i=1 i=1 i=1

i=1

Therefore ¢ is a homomorphism and also a smooth epimorphism, since ¢ preserves
the periods of I'.
Note : If in the above case t, # 0 then y 2 0.
In the above mapping in place of the infinite order generators we map the fourth
order generators of I" as follows :
o(y,) = (bay ', ¢(y,) = ba", (k, p) = 1
dy)=b;i=3,5 .., t-1,
¢@y)=bli=4,6,..,t,
so that ¢ will be a homomorphism and also ¢ preserves the order of the finite order

generators of I', hence ¢ is a smooth epimorphism.
(c)t, = 0 and if t,.t,, both are simultaneously zero then y > 2.

In the above homomorphism [1(c)] we can map ¢(a,) = a = ¢(B,) and

o(e) =1 = ¢(B) fori=3,4, .. 7 so that ¢ will be an onto homomorphism.
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é’Vote : In the above case when
(1) t,=2 and t,.t,, are simultaneously zero then y 2> 1.

We can construct the above homomorphism [1(c)] from I onto M by replacing
d(u) and ¢(w,) by ¢(y,) = (ba) !, ¢(y,) = b and infinite order generators can be

mapped as ¢(a,) = b, &(B,) = a* so that ¢ will be a smooth epimorphism.

(2)t, =24 and t.ty simultaneously zero then y = 0.

The above homomorphism [1(c)] can be constructed from I' onto M as follow's :
d(y,) = b, ¢(y,) = b’a*, 0 <k < p?
o(y,) = (bay !, o(y) = b
oy)=bli=57 ..t-1
d(y)=b,i=6,8, ... t,

So that ¢ will be a homomorphism and also a smooth epimorphism.
(3) t, >4 and one of L.ty is zero then y = 0.

The fourth ordered generators can be mapped as follows :
o(y,) = ba’!, ¢(y,) = b’a*, 0 <k < p*
oy)=b,i=3,5,..,¢t-1L
oy)=b'i=4,6,..,t,

so that ¢ will be a homomorphism and thus getting
k = - (2p + 1)(mod p?), which has a solution.

Also ¢ is a smooth epimorphism since ¢ preserves the periods of I'.
@d¢t,=0;t,1,4; all are odd and ', t, are even then y = 1.

o(x)=b% ¢x)=b%i=246, ..t-1
o(x)=b%41=3,57, ..t
0z) =2, d(z) =aPi=246, ..t -1

d(z)=2a,i=3,57, .,t.

p
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du)=a,i=1,3,5 ., tz -1

ou)=a'i=2,4,6,.,1

p2 .

d(v) = b%, 1 <t<pandi=1,3,05, .., b 1.
o(v) = b%ay !, 1 <t<pandi=24,6, .., Ly
d(w,) = ba.

o(w) =b%¥ (k,p)=landi=24, .., .1

2p
o(w) = (b%a*y !, (k, pp=1landi=335, .. L.

P

o(ar) = b, ¢(B,) = a*, k, p)=1.
o) =1=0(B) i=23

Now  0(x, )H¢(x )9(z, )H¢(Z )H(b(u )H¢(V do(w, )H¢(W )H[tb(a ), 0(B:)]

i=2 i=2 i=2 i=1

= bZ(bf 2p2 ... b 2b%)aP(a PaP ... a'PaP)(aa ! ... aa ')(b%ari(bZa?) ! ...

... (b%a?)(b%a?') 'b’aba(b%a¥) ! ... (b%a*)(b%a*) b, a¥]
with (tz =1 / occurrences of the product b %b?, , % occurrences of the product

a PaP, tp% occurrences of aa ’, t2% occurrences of the product (b%®)(b%*) 1,

(2 _% occurrences of the product (b%a*)(b%a*) ' so that

H¢(x >H¢(z >H¢<u )H¢(v )H¢(w [ T0Ce,).6(8,)1=1

i=1 i=1

gives 2k = - (p + 1) (mod p?), which has a unique solution as (2, p?) = 1.
Therefore ¢ is a homomorphism and also smooth epimorphism, since ¢ preserves the

order of the finite order generators of I.
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Note : In the above case if t, # 0 then y 2 0.

In the above mapping in place of the infinite order generators we map the fourth
order generators of I" as follows :
d(y) = b, ¢(y,) = b%*, 0 <k < p?
d(y)=b,i=3,5, ., ¢t -1,
dy)=bli=4,6,.,¢t,
and then we get k = - (p + 1) (mod p?) which has a solution. Therefore ¢ is a smooth

epimorphism since ¢ preserves the periods of I'.
(e)t,=0;¢, ty, t, all are odd and L, t,» both are even then y = 1.

0x,) =b% §(x)=b%i=24,6,..,t,- 1.
o(x)=b2%i=3,5 ..,t,
oz)=a,i=13 .,t -1
d(z)=aPi=24,.,t.

P
du) =a, du) =ali=24, ., "L

du)=a,i=3,5 ., b

B(v) = bkP, §(v) =baP, 1<t<pandi=24, ., ¢ - L.
o(v) = (%), 1<t<pandi=3,35 ..t

o(w) = b2k (k, p)=1landi=1,3, .., by -1
d(w) = (b%ky !, (k, p)=1andi=2,4, .., by,

#(a,) = b, §(B,) = 2%, (k, p) = 1.
da)=1=¢B)i=23, ¥

Now ¢<x,)1‘2[¢<xi)m(zi)¢<ul>f1¢<ui)¢(vl)ﬁ¢<vi)fllcb(wi)ﬁm(ai),«b(&)]
i=1 1= i=1

i=2 i=2 i=2
= b2%(b%-2 ... b% )(aPa’® ... aPa Pa(a 'a ... @ la)bzap((b2apl)(b2apl)-l .
... (b2aP)(b%a*") ((bZaX)(b%a¥) ! ... (b%a¥)(b%ak) Hb, ak]
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with :(tZ _1% occurrences of the product b%-? t% occurrences of the product

) (t 2 _1) -1 (t2 —'1)
aPa’P, P A occurences of the product a”'a, “ 2P 5 occurrences of the product

(b%a)(b%a?") !, tzl’% occurrences of the product (b%a*)(b%a*) ! so that

TToxOTT 0@ T00) T v Tow L Ti6(:), 0,1 =1
i=1 i=l

i=1 i=1 i=1 i=1

gives 2k = - (p + 1) (mod p?), which has a unique solution as (2, p?) = 1.

Therefore ¢ is a homomorphism, also since a and b generate M, ¢ is onto. ¢ preserves

" the order of the finite order generators of I', hence ¢ is a smooth epimorphism.
Note : In the above case if t, # 0 then y = 0.
In the above mapping in place of the infinite order generators we map the fourth
order generators of I as follows :
o(y) = b, §(y,) = b%a*, 0 <k < p’,
#(y)=b,i=3,5..,t-1
oy)=bli=4,6 ..,t,
and then we get k = - (p + 1) (mod p?) which has a solution. Therefore ¢ is a smooth

epimorphism since ¢ preserves the periods of I'.

Nt,=0;t, tyt,. all are odd and t , t, both are even then y = 1

0(x) =b% ¢(x)=b%i=2,4,6,..,t-1
0(x) =b2i=35 ..t

0z) =a,i=1,3, ..t -1
0z)=aP?i=24,..,t.

du)=a dpu)y=a'i=24, ., L -1

¢(ui) =a, i = 3, 5, seey tpl.
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o(v) = b2 i=1,3, ..t -1
d(v) = (%), i=2,4, ..t

2p°

¢(w,) = b%a, §(w)) = b%", (k,p)=landi=24, .., Hp - L
d(w) = (b2 ', (k,p)=1andi=3, .. L.

d(a,) = b, §B) = a (k, p) = L.
0o) = 1= 0B, i=23, ... 7.

t, tp [nz L2p t2l’2 Y
Now, &) o) oz o] Tou)] Jo(vi)d(w, )l—! d(w; )1_1[ [§(cx; ), 0(B;)]
i=1 i=1 i= i=

i=2 i |=2

= b2(b% 2 ... b%b-2)(afa'? ... aPa P)a  X(a 'a ... a 'a)(blaM)(b%aP) ' ...
... (b2aP)(b%a?) !(b%a)(b%a¥)(b%a*) ! ... (b%a)(b%a*)  '[b, a*]

with (t2 = % occurrences of the product b%b 2, with t% occurrences of the product

-1 ' t
aPa P, with (tp2 % occurrences of the product a'a, Z% occurrences of the product

(b2ar)(b2af!) !, (t2P2 —% occurrences of the product (b*a*)(b%a*) ! so that,

pz

b ) ! t2p by Y
T 1o 10O To) JocvoT [owI Td(e:),0(B,)1=1
i=1 i=1

i=1 i=1 i=1 i=l1

gives 2k = 1(mod p?).

Therefore k has a unique solution since (2, p*) = 1.

Hence ¢ is a homomorphism, also since a and b generate M, ¢ is onto. ¢ preserves
the order of the finite order generators of I', therefore ¢ is a smooth epimorphism.
Note : In the above case if t, = 0 then y 2 0.

In the above mapping in place of the infinite order generators we map the fourth
order generators of I' as follows :

¢(y,) = b, d(y,) = b*a", 0 <k < p’,
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oy)=b'i=335 .,t-1,
o(y)=b,i=4,6 .. t,
so that ¢ will be a homomorphism and we get k = 1(mod p? which has a solution.

Also ¢ preserves the periods of T, so ¢ is a smooth epimorphism.

(g8 t,=01,1, t,» all are odd and t,, ', both are even then y=>1.

d(x)=b%i=1,3, ., t,- L.

2
Ox) =b2i=24, ..t
0(z,) = am, 1 <y, <p.
d(z) =2a%i=2,4, ., t - 1.
d(z)=aPli=35,..,t,

ou)=a,,i=173,.,t,~1

d)(ui) = a'- l, i = 2’ 4, ceey t 2,

d(v,) = p2aPlW, 1 <y <p.

o(v)=baP, 1<t<pandi=24 -t L
o(v) = ("), 1 <t<pandi=3 3 = by

¢(w|) = b2a, ¢(Wl) = bzak, (k’ p) =1 and 1= 2, 4, vaes t2p2 _1.
d(w) = (b2 Y, (k, p)=1andi=3 5 = L.

d(a) = b, 6(B)) = a5, (k, p) = 1.
o) =1=068),i=23,..,7.

Now, chb(xi)¢(z1)m(zi)ﬁq;(ui)q,(vl)ﬁ(b(vi)¢(w1)11¢(wi)111[¢(ai>,¢(ﬁi)]
i= i=2 i=1 i=2 i= i=]

= (b’b 2 ... b2 %) 4 (aPa P ... aPa P)(@ 'a ... aa ') y2, -y b2ari(b%a™) !
... (b%a?)(b%ar)- ‘bza(bzak)(bzak)'l (bzak)(b2ak)- I[b, 2*]
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with t% occurrences of the product b%- 2, with L _% occurrences of the product afa P,
t 2 -1 (tz - l) 2 _
P 5 occurrences of the product aa’ ', * P 5 occurrences of the product (b%a™)(b%*)

-1
(tZPz Z occurrences of the product (b%a*)(b%a*) ! so that

[T 16T TonT Tovol TowoI Ti6(e), 6B =1
i=1 i=1 i=1 i=1 i=1 i=1

gives 2k = - (p + 1) (mod p?).
Therefore k has a unique solution since (2, p?) = 1.

Hence ¢ is a homomorphism, also since a and b generate M, ¢ is onto. ¢ preserves
the order of the finite order generators of I', therefore ¢ is a smooth epimorphism.
Note : In the above case if t, # 0 then y = 0.

In the above mapping in place of the infinite order generators we map the fourth
order generators of I" as follows :

o(y,) = b, §(y,) = b’a’,
oy)=b'i=3,5..,t-1,
d(y)=b,i=4,6, .. t,
so that ¢ will be a homomorphism and we get k = - (p + 1) (mod p?) which has a

solution.

Also ¢ is a smooth epimorphism since ¢ preserves the periods of I

(h) t,=0; Ly, L, by all are odd and t,, t, both are even then y 2 1.

o(x)=b%i=1,3, .,t-1L
ox)=b%i=24,.,t,.
d(z)=a,i=1,3,.,t -1
0(z) =aP i=24,..,t.

o(u) =a% pw)=a'i=2,4,.., Lz -1
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du)=a,i=3,5, ..., Ly

o(v,) = b, §(v) = bk, 1 <t<pandi=24, .. ty - 1.

o(v) = (b%a?)y Ll1<t<pandi=3375, .., tp:

d(w,) =b%a ®+2, d(w) = bRy, i=24, .., Lp -1, k, p) = 1.
d(w) = bk, i=3,5, ., by, (k p) =1

¢(r,)) = b = ¢(B,)
o) =1=¢B),i=23, ..,

Now, Hd)(x )H¢(Z )o(u, )Hd)(u )o(v, )I—[d)(v )o(w, )H(b(w )H[tb(ot ):0(B;)]

i=1 i=l i=2 i=l

= (b%- 2 ... b%b2)(afa’ P ... aPa P)a’(a 'a ... a 'a)braP((b%a™)(b%af) ! ..
.. (b2aP)(b%a?) b2a- @ * 2((b%a*)(b%a*) ! ... (b%a)(b%a*) ')[b, b]

with t% occurrences of the product b’ 2 t—% occurrences of the product afa” P,

. _ .
(s Z occurrences of the product a 'a, (tay 1% occurrences of the product

(b2aP)(b2aft) !, (t2P2 —% occurrences of the product (b%a*)(b%*) ! so that

H¢(x )1‘[¢(z )d(u, )m(u )O(v, )H¢(v )H¢(w )1‘[[¢(a ), 0(B)1=1.

i=l1 i=1 i=2 i=1

Therefore ¢ is a homomorphism. Also since a and b generate M, ¢ is onto. ¢ preserves

the order of the finite order generators of I', therefore ¢ is a smooth epimorphism.

Note : In the above case if t, # 0 then y 2 0.
In the above mapping in place of the infinite order generators we map the fourth

order generators of I" as follows :
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o(y)=b,i=1,3,5 ..t -1,
Oy)=b'i=24 ..,

so that ¢ will be a homomorphism. Also ¢ preserves the periods of I, so ¢ is a smooth

epimorphism.

2(a)t,=0;¢,¢, ¢

Now,

t

2p? t2

ot ;2 all are (non-zero) even and y 2 1.

o(x) = b%Li=1,3,..,t-1
dx)=b21=24, ..,t,.
(l)(zi):ap‘,i: 1, 3, ..., t - land 1 £t <p.

¢(z)=a™i=2,4,.., t and 1 <t<p.

d(u)=a,i=1,3, .., tpz - 1.

du)=a'i=2,4,., L.

(v)=b%a", 1 <t<pandi=1,3,.,t -1
i p 2

P

(v) =02y, 1<t<pandi=24,..,t,.
i P )

P

d(w) =b%k (k,p)=1land i=1,3 ..., L - L.

¢(W|) = (bZak)- ]’ (k’ p) =1 and 1 = 2’ 4’ ten t2P2°

o(a) = b = ¢(B)).
o) =1=09(@B)i=23, .7

t, t, te top Lo Y
l‘[¢<xi)m(zi)m(ui)m(vi)H¢(wi)[1[¢<ai),¢(Bi)]
i=l i=1 i=1 i=1 1=

i=1

= (b% 2 ... b% 2)(afta P ... afa P)(aa ' ... aa ')((b%a™)(b%aP) ! ...
.. (b%aP)(b%a?) ((b%a)(b%*) ' ... (b*af)(b%a") (b, b] . 1

t
with t% occurrences of the product b’b 2, t% occurrences of the product a”a?, p%

occurrences of the product a 'a, tz% occurrences of the product (bzapt)(b2apt)-‘ and
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t2P% occurrences of the product (b%a*)(b%a*) ! so that

TToO)TToCO] TooTTovI TowL 160, 6(B)1=1
i=1 i=1 i=1 i=1 i=1

i=1

Therefore ¢ is a homomorphism, also since a and b generate M, ¢ is onto. ¢ preserves
the order of the finite order generators of I', therefore ¢ is a smooth epimofphism.
Note : In the above case if t, # 0 then y 2 0.
In the above mapping in place of the infinite order generators we map the fourth

order generators of I" as follows :

d(y)=b,i=13,5,..,¢t-1,

o(y)=bli=24,.,t,.
Therefore ¢ is a homomorphism and also a smooth epimorphism since ¢ preserves

the periods of T

(a)t,=0;1,¢,t, all are non-zero even and %, both are simultaneously zero

then y = 2.
In the above homomorphism we can map
¢(a) = a = ¢(B,)
da) =1=0B),i=3,4 .. 7

so that ¢ will be an onto homomorphism.

Note : In the above case when

(I)t,=2 and tpzvtzpz are simultaneously zero then y > 1.

We can construct the above homomorphism [2(a)] from I" onto M by replacing ¢(u.)
and ¢(w,) by :

#(y) = b, o(y,) = b%a

and the infinite order generators by :

o(ar,) = b, $(B,) = a (&, p) =1

86



(I)(al) = 1 = q)(B,), l = 2" 3: sey 'Y, é
80 that ¢ will be a homomorphism. Also ¢ preserves the periods of I, so ¢ is a smooth

epimorphism.
(2) t, >4 and ', are simultaneously zero then y > 0.

- We can construct the above homomorphism [2(a)] from I" onto M by replacing ¢(o..)
and ¢(B,) by :

o(y,) = (ba) ', &(y,) =b, &(y,) = Db, ¢(y,) = b*a, (k, p) = 1
d(y)=b,i=57, ...t -1,

d(y)=b'1=6,8, ..,t,

so that ¢ will be an onto homomorphism.

(3) t, > 4 and one of Loty is zero then y 2 0.

2p

~ We can construct the above homomorphism [2(a)] from I onto M by replacing ¢(c.)
and (B, by :

¢(y,) = b, ¢(y,) = b,

o(y)=b,i=3,5 .., t-1,

d(y)=b'li=4,6, ..,1t,

so that ¢ will be an onto homomorphism.
(b) t,=0; t,, t, both are odd and t , t2:t2 all are (non-zero) even then y 2 1.

o(x,) =b% d(x) =b2i=24,..,t-1L
o(x) =b%i=3,5, .1,

¢(zi)=aP‘,ISt<pandi=1,3, ...,tp-l.

d(z)=a?, 1<t<pandi=24, ..t

ou)=2a,i=1,3,..,t:-L

p2
du)=a',i=24, .., tpz.

B(v)) = b, ¢(v) =", 1<t<pandi=24, ¢ 1.

2p
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o(v) = (%", 1<t<pandi=35,..¢t,.

P

d)(Wi) =b%k (k,p)=1and i=1,3, .., typ —1.
d(w) = (0% !, (k,p)=landi=2,4, .., 4.

d(a,) = b, ¢(B) = a®.
o) =1=¢B),i=2,3,4, ..,

Now,  eG)OLToCOTTo T 1oL Towo Tiocer,), 4B,
i=2 i=1 i=1 i=2 i=l1 i=1

= b%(b 2b? ... b 2b2)(a™a * ... aP'a P)(aa ' ... aa  ')ba%((b%a™)(b%a") ' ...
... (b2aP)(b2aPt) )((b%ak)(b2ak)y ! ... (b%ak)(b2ak) H[b, a'?] . 1

with (t, - % occurrences of the product b 2b?, t% occurrences of the product afa" ?',
t : -
P% occurrences of the product aa ', (5 % occurrences of the product (b%a”)(b*a) !,

and tZP% occurrences of the product (b%a*)(b%a*) ' so that

t, t, 2 ty L2 ¥
TToCOTToEOT Ton] [ovT To(wI [1der;).¢(B;)1=1.
i=1 i=1 i=1

i=1 i=1 i=1

Therefore ¢ is a homomorphism, also since a and b generate M, ¢ is onto. ¢ preserves
the order of the finite order generators of I', hence ¢ is a smooth epimorphism.
Note : In the above case if t, = 0 then y 2 0.
In the above mapping in place of the infinite order generators we map the fourth
order generators of I' as follows :
o(y,) = (ba)'', d(y,) = ba*, (k, p) = 1
oy)=b,i=3,5, ...t -1,
oy)=bli=4,6,..,t,

so that ¢ will be an onto homomorphism.
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(b;,) Ift,=0; 1,1, both are odd and t even, tpz,tzpz both are simultaneously zero

then y 2 2.

In the above homomorphism [2(b)] we can map
o(a,) = a = ¢(B,)
o) =1=0¢B)i=3,4, .. 7

so that ¢ will be an onto homomorphism.

Note : In the above case when
(1)t,=2 and tpz’tzpz are simultaneously zero then y > 1.

We can construct the above homomorphism [2(b)] from I" onto M by replacing ¢(u,)
and ¢(w) by :
o(y,) = (bay ', ¢(y,) = b
and the infinite order generators by :
¢(ar,) = b, (B = a k, p) = 1
da)=1=0¢B)i=23, .., 7
so that ¢ will be a homomorphism and also a smooth epimorphism, since ¢ preserves

the periods of I
2)t, >4 and L2t simultaneously zero then y 2 0.

The above homomorphism [2(b)] can be constructed from I" onto M by replacing
d(u) and ¢(w) by :
o(y,) = (ba)y !, ¢(y,) = b
0(y,) = b, #(y,) = ba*, (0 <k < p?)
oy)=b,i=57,..,t-1
o(y)=b'i=6,8, ..t
so that ¢ will be an onto homomorphism.

(3) t, >4 and one of t,.t,, is zero then y 2 0.

2p

The fourth order generators can be mapped as follows :
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Now,

o(y,) = (bay !, ¢(y,) = ba*, (k, p) =1
o(y)=b,i=3,5 ..., t-1
By) =bli=4,6 .1,

Iso that ¢ will be an onto homomorphism.

(c)t,=0;t,, L, both are odd and t,, 2+t all are even then y 2 1.

dx) = b d(x) =b%i=24, .. t- L
d(x) =b2i=35 .t
dz)=a" 1<t<pandi=1,3, ..t -1

§z)=a®, 1<t<pandi= 2, 4, ..., t,

d(u) =a,i=1,3, ., tz -1

du)=ali=24, .., L.

o(v)=b%, 1 <t<pandi=13, .., ¢, - 1.

d(v) = (b’ L'1<t<pandi=2,4,.., Ly

o(w)) = b%? d(w) = b%, (k,p)=1and i=24, ., b, -1,

d(w) = (b2, (k, p)=1andi=3,5, .., by

d)(al) = a, ¢([31) = b.
oa)=1=¢P)i=23 ...,7

ox T ToCe T Tz FTo0T Tov 4wl Tow [ Trote ), 68,

i=2 i=1 i=1 i=1

= b2(b%- 2 ... b?br 2)(afa P ... aMa P)(aa ' ... aa )(b%aP(b%aP) ! ...

b2apt(b2apt)- l)bzaz((b?.ak)(bzak)-l (bzak)(bzak)- l)[a, b] 1

with (t2 —% occurrences of the product b%b?, t% occurrences of the product a”a’?,

t :
P% occurrences of the pIOdUCt aa l, tz% occurrences of the pl'Odl.lCt (b2apt)(b2apt)- l’
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i (t. ,-1
and 2 5 occurrences of the product (b%a*)(b%a*) ! so that

[Toxo)LToO] TounT 10T Toowo Tioce), 6@ 1=1.
i=1 i=1 i=1 i=1 i=1

i=1

Therefore ¢ is a homomorphism, also since a and b generate M, ¢ is onto. ¢ preserves
:the order of the finite order generators of I', hence ¢ is a smooth epimorphism.

Note : In the above case ift, #0 then y 2 0.

In the above mapping in place of the infinite order generators we map the fourth
order generators of I" as follows :

i) =b, 6(y,) = bk k p) =1

dy)=b1i=335 .,¢-1,

d(y)=b,i=4,6,..,¢t,

so that ¢ will be a homomorphism. Thus getting,

k +2= 0 (mod p?)
ie., k= -2 (mod p?, which has a solution.
Hence ¢ is a homomorphism and also a smooth epimorphism, since ¢ preserves the

periods of T.
dt,=0;¢, t: both are odd and t,, t,,, t,,» all are even then y > 1.

ox)=b%i=1,3, .,¢t-1
d(x)=b%i=24, ..,t,.
0(z)=aP ¢z)=a", 1<t<pandi=2,4,.,¢t -1

§(z) =a®, 1<t<p andi=3,25, .., t.

ou) =22 d(u) =a,i=2,4, ., tp - L

(l)(lli) =a l’ i= 3, 5, ceoy tpz .

dv)=ba, 1<t<pandi=13 .ty - 1.

o(v) = (%), 1<t<pandi=24, ..t
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o(w) =b%* (k,p)=1and i=1,3, .., L, -1,
d(w) = (0% !, (k, p)=1andi=24, .., L.

¢(ct)) = b, ¢(B,) = a*, (k, p) = 1.
o) =1=0¢B) 1=23, ..., 7.

Now, fyb(xi)¢(z,>ﬁ2¢<zi)¢(ul)ﬁ¢(ui)ﬁ¢(vi)ﬁ¢(wi)ll[[¢(ai),¢<Bi)1
i= i= i=1 i=l i=1

i=2

= (b% 2 ... b% Ya P(afa ™ ... afa Pa*(aa ! ... aa ")(b%aP(b%?) ! ...

... b2ar(bZa) M(b%ak(b%a*) ! ... bra*(b%a*) ")[b, a*] . 1

with t% occurrences of the product b?b?, (tP _% occurrences of the product a”a” ¥,
(t 2 T l) -1 tz |
P A occurrences of the product aa™*, *P , occurrences of the product (b%a™)(b%a®) !

and tZP% occurrences of the product (b%a¥)(b%a*) ' so that,

t, t, 2
if’y»(xi)ifjd»(zi)ﬁwui)ﬁwvi>1:‘";¢<wi>1j[¢<ai>,¢<ﬁi>]=1
gives 2k = p - 2 (mod p?) which has a solution as (2, p») = 1.
Therefore ¢ is a homomorphism and also a smooth epimorphism, since ¢ preserves
the order of the finite order generators of I'.
Note : In the above case if t, # 0 then y 2 0.
In the above mapping in place of the infinite order generators we map the fourth
order generators of I" as follows :
d(y,) =b, §(y,) =bla, 0 <k< P,
o(y)=b,i=3,5, ...t -1,
oy)=b'i=4,6,..,t,

so that ¢ will be a homomorphism. Thus getting k = p - 2 (mod p?), which has a solution.
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Hence ¢ is a homomorphism and also smooth epimorphism, since ¢ preserves the

periods of I.

(e)t,=0;¢t,, t,,» both are odd and t,, L t: all are even then y > 1.

dx)=b%i=13, ., -L
d(x)=b2%i=24,..,t,.
d(z)=a" 1 <t<pandi=l, 3, ot - L.

¢(z) =a? 1 <t<pand i=24,..,¢t.

du)=ai=13, ., tz - L

o(u) = a Li=2,4, ., tpz .

o(v,) = b%aP, §(v,) = ba", 1 <t<pandi=24,.,t -1

p

o(v) = (b2, 1 <t<pandi=3, 5, v by

p

o(w,) = bl @+ D, ¢(w,) = b%a¥, (k, p) =1 and i=2,4,.., by -1,

pw) = (02, Gk, p) = landi=3,5, ., tyn.

d(a,) = b, §(B,) = a~.
o) =1=6B)i=23, .7

t, Ly 42 Ly bap? Y
Now, Hd)(xi )H b(z; )H O(u; )d(v, )H¢(Vi H(w, )H¢(W1 )1—1[ [$(ct;),0(B;)]
i=1 i=1 i=

i=1 i=2 i=2

= (b%? ... b H(a®a ™ ... aPa P)(aa ! ... aa Hb2ar((b2art)(b2aft) ! ...
... (b%a™)(b%a®) Hb%a @ * N(b%ak(b?a*) ! ... b2ak(b%a*) )[b, a*]

t t
with t% occurrences of the product b%b?, % occurrences of the product a™a 7, P%

occurrences of the product aa ', (t2 _% occurrences of the product b2a(b’a™) ' and

(t2p2 _IZ occurrences of the product b%a*(b*a*) ! so that
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[Tox)[ Tz )1'“1¢(ui )f}b(vi [ Toew[TI6(c, ). 6(B,)1=1
i=1 i=1 i= i= i=1] i=l

gives 2k = 1 (mod p?) which has a unique solution.

Therefore ¢ is a homomorphism and also a smooth epimorphism, since ¢ preserves

the order of the finite order generators of I'.
Note : In the above case if t, # 0 then y > 0.

In the above mapping in place of the infinite order generators we map the fourth

order generators of I' as follows :
d(y,) = b, ¢(y,) = b’a’,
d(y)=b,i=3,5 ..,t-1
dy)=b'i=4,6, ..,
so that ¢ will be a homomorphism. Thus getting k = 1 (mod p?), which has a solution.

Hence ¢ is a homomorphism and also a smooth epimorphism, since ¢ preserves the

periods of I

Nt,=0:1¢,t, Lz, t,, all are odd and t,; even then y > 1.
o(x) =b% d(x) =b2%i=24,..,1-L
O(x) =b%i=3,5 .ty
0z) = g™, 1<y <pdz)=2a"1<t<pandi=24, ., t-1
dz)=(")',1<t<pandi=335, ..,

ou)=a?2 ¢u)=a,i=24,., Lz - L

o) =al,i=3,5, ., ¢

p2 .
6(v) = b2a ™, 1<y, <p.

o(v) =b%, 1 <t<pandi=24,..,1t-1

p

o(v) =®%) ', 1<t<pandi=335, ..,t

2p
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d(w,) =b%a*, (k,p)=1and i=1,3, .., t,: —1.

d(w,) = (%) ', (k,p)=1andi=24, .., t,:.

d(a)) = b, ¢(B)) = a.
dloy) = 1= ¢(B),i=23, ... 7.

Now, ¢<x,)1"[¢(xi)¢(zl)r"1¢<zi)¢(u,)ﬁ¢(u1)¢(v1)f‘1¢<vi)12‘°[¢(wi)f1[¢(ai>,¢<ﬂi>]
i=2 i=2 i=2 i= i=1 i=1

= b%(b%b 2 ... b’b D) en(afa Pt ... aMa P)a X(aa ! ... aa ) p2~Pn

((b2aP)(b2a) ! ... (b%a™)(b%a®) ')(b%a*(b%a¥) ' ... b*a*(b%a*) ')[b, a].
with (t2~ % occurrences of the product b%-? (, —% occurrences of the product

aP(aPt) !, (t 1)/2 occurrences of the product aa', (tzp = % occurrences of the product

bZaP(b%a™) ! and tzp% occurrences of the product b%a*(b*a*) ! so that,

t tp L2 tap Lap2 Y
H¢(x| )9(z, )Hd)(zl )H d(u; )H¢(V. )I-][d)(wl )I—[[(b(a, ),0(B;)]= 1
i=1 1=

i=1 i=2 i=l i=1

Therefore ¢ is a homomorphism, also since a and b generate M, ¢ is onto. ¢ preserves

the order of the finite order generators of I', hence ¢ is a smooth epimorphism.
Note : In the above case if t, = 0 then y = 0.

In the above mapping in place of the infinite order generators we map the fourth

order generators of ' as follows :
d(y,) = b, 0(y,) = b%a*, 0 <k < p’
d)(yl) = b’ 1 = 3’ 59 seco t4 - 1,
¢(Y,) =b ], i= 4, 6, cery t4,

so that ¢ will be a homomorphism. Thus getting k = 2 (mod p?), whijch has a solution.
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Therefore ¢ is a homomorphism and also smooth epimorphism, since ¢ preserves the

eriods of I.

(8t =01¢,t¢t, t:, Yy, all are odd and t,, even then y > 1.

o(x) = b2 0(x) =b%i=24, .t - L.
d(x) =b%,i=3,5,..,t,.
d(z,) = a ¢(z) =a", 1 <t<p andi=2,4, .. t - 1.

¢(z) =aP, 1<t<p andi=3,5, .., t

o(u,) =22 ¢(u) =a,i=2,4,6,.., tp -1

¢(ui) =a I’ i = 3, 5, coey tpz .

d(v,) = b%a*, 1 <t<pandi=1,3, .., t,, - 1.

o(v) =02y, 1<t<pandi=24, ..,¢,

¢(W|) — bZa- (P+2), (I)(wl) = bZak, (k, p) =]land i-= 2, 4, - t2p2 - 1.

d(w) = (b%a) !, (k, p) = 1 and i =3, 5, .., L.

d(o,) = b = o(B)).
b)) =1=09B)i=23, ... 7

Now, ¢(x1>ﬁ¢(xi)¢(zl)1'"[¢(zi)¢(u.)fl¢(ui)f'"[¢(vi>¢<w,)fj¢(wi>f1[¢(ai>,¢(ﬁi)]
i=2 =2 i=2 i=1

i=l i=

= bA(b 2b? ... b 2b)ar(afa P ... aPa P)a*(aa ! ... aa  )((b%a™)(b%a”) ' ...

... (b%aP)(b%a™) "b%a @+ A(b%l(b%a*) ! ... b%ak(b%a*) ")[b, b]

-1
with (2 '% occurrences of the product b 2b?, & % occurrences of the product

t, -1 t
aM(a?) !, (ty Z occurrences of the product aa ', 2% occurrences of the product

b’ar(b’a™) ! and (L _% occurrences of the product b%a*(b%a¥) ! g0 that,
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P!

1160 To@ ) Tow) T ToevoT Toowol Tio(e 6B 1=1.
i=1 i=1 i=1 i=1 i=1

i=l1

Therefore ¢ is a homomorphism and also a smooth epimorphism, since ¢ preserves

he order of the finite order generators of I.

|Note : In the above case ift, #0 then y 2 0.

‘ In the above mapping in place of the infinite order generators we map the fourth
order generators of I" as follows :

é(y)=b,i=1,3,5..,¢-1,

dy)=b'i=24, ..t

so that ¢ will be a homomorphism and also smooth epimorphism, since ¢ preserves the

| order of the finite order generators of I'.

(h)t,=0;51¢, Ly Ly t, 2 all are odd and t, even then y > 1.

P
é(x)=b%i=13,.,¢t-1
d(x)=b%i=24,.,t,.

0(z) = a™, 1 <y, <p.

d(z)=a" 1<t<pandi=24,..,1¢- 1.

p

dz)=a? 1<t<pandi=35 ... ¢,

du) = a2 o) =2,i=24,6 .. tp =L
¢(u;) =ali=35, .., tpz .

¢(v)) = p2a™, 1 <y, <p.

d(v)=ba", 1<t<pandi=24, ..t -1

o(v) = (b, 1 <t<pandi=335, .. ¢,

p

d)(W]) = b%a?, ¢(Wl) = b%*, (k, p) =1 and 1=2, 4, ey tzpz - 1.

d(w) = (b%ay ', (k, p)=landi=35, .., ¢

pt-
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¢(o,) = b = o(B)).
d(a) =1=0B)i=273 .7

Now, 1’1¢(xi)¢(zl)[1¢(zi>¢(ul>1j¢(ui)¢<v.)ﬁ¢(vi>¢<wl)ﬁ¢(wi)ﬁ[cb(ai),d»(Bi)]
i i= i= i=2 i=2 i=1

= (b%b 2 ... b D) P (afa ™ ... aPa Pa i(aar ! ... aa ') p2 P (b2ar(b%ar) !

... (b2aP)(b%a?) Hb2a(b%ak(b%a*) ! ... b%a*(b%a*) )[b, b]

with t% occurrences of the product b%b2, (t, - % occurrences of the product af'(a™ '),
; (tpz —% occurrences of the product aa ', (tzp —1)/2 occurrences of the product

’.‘ — 1
[b2ar(b2aP) (tap Z occurrences of the product b%a*(b%a*) ! so that,

t, b tn2 tap tzpz Y
[Tox; )Hl¢(zi)l_!¢(ui)l—ll¢(vi)l"[¢(wi [ Td(e), (B, )1=1.
i=1 i= i= i= i=1 i=1

Therefore ¢ is 2 homomorphism and also a smooth epimorphism, since ¢ preserves

the order of the finite order generators of I.
| Note : In the above case ift, #0 then y = 0.

In the above mapping in place of the infinite order generators we map the fourth

order generators of T as follows :

o) =b,i=13 .t - 1,

o(y)=bhi=24 .1,

so that ¢ will be 2 homomorphism and also smooth epimorphism, since ¢ preserves the
order of the finite order generators of I'.

This completes the proof of the sufficiency of the conditions.

5 3.2 Determination of Minimum genus

In this section we determine the minimum genus of a Riemann syrface admitting M
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H

ﬁ%x d‘utomorphism group and also find the signature of the corresponding Fuchsian
up of which M is a smooth quotient.

Let g be the genus of a compact Riemann surface having M as its automorphism
roup. Then M is a smooth quotient of some Fuchsian group I'. We have already proved
:at " must have a signature of the form :

(; 2, oo 2,4 s 4 D5 s Py p% .o P% 2P, - 2D, 2D%, ..., 2PD)

yith t,-occurrences of 2, t, occurrences of 4, t occurrences of p, t» occurrences of

Y, G, occurrences of 2p and tzpz occurrences of 2p? where y is the genus of the

t,, {2 are respectively the number of generators

Fuchsian group I and t,, t,, €, 30 A

‘of order 2, 4, p, D 2P and 2p2. Also v, t,, t,, ..., ;> must satisfy the conditions of the

heorem (3.1.1). From (3.4), it follows that the minimum of g is obtained when the right

ide of (3.4) is minimum.

From (3.4) we geb,

o 1 1 1
2Ag—-1)=4p {2(7—1)“2(1—5}“4(1';)“{“;)
1 1 1 |
+tpz[1—p—2]+t2p(1 2p)+t2p2(1—g}}' ...... (3.2.1)

We now examine for what value or values of v, t,, t,, L, ta,t, and L, the minimum

|value of g 18 obtained.

4 when s =0 1€, 4+t +1 + tp +t, + Ly =0,722

From (3.2.1) the minimum value of g is 4p> + 1.

IL. when s =1 i.e., t,+t +t + tpz + 1, + t2p2 =1,y2>1,
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From (3.2.1) we have,

2(g—1) =4p2{ 2('y—1)+(t2 +t, +t, +tp2 +t,, +£p2 )

So, 2(g-—1)24p2{1—%}
vhere n can takes value either p or p* since t, t, t,, t,,» cannot take odd values
ndividually.
ie. 822?2{1‘%}“' ...... (3.2.2)

1

The right hand side of (3.2.2) is minimum if {1‘;} is minimum. Now 1—; will

jmum when n = p. Therefore in this case the minimum value of g is

7e min
2p(p - 1)+ 1ie.,2p?-2p+ 1.

[l when s =216 Lt bp vt + b =2,y 21,

From (3.2.1) we have

A2
Ag-D=4p { 2(v—l)+(t2+t4+tp+tp2+t2p+t2P2)

t.
_122p%42-| ++2
T p{ (i JJ} ...... (3.23)

Since t, 8 always even, so either t, = 0 or t, # 0.

@ Ift# 0 then t, = 2 and other periods are zero.
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(i) If t, = O then by theorem (3.1.1), (i, j) can take the following values :
2, 2), (p, P)» (% PD: (2D, 2p), (2% 2p%), (2, 2p), (2, 2p°), (2p;, 2p) and (p, p?).

N
Right hand side of (3.2.3) will be minimum only when t—"l'—J is maximum
1 ] *

This will be maximum when i = j = 2.

1 1
—1>2p*{ 2| =+=
Hence & P{ (2 2)}

ie, g=z22p+1.

In this case the minimum value of g is 2p + 1.
Iv. whens=3i.e.,t2+t4+tp+ tpz b, + tzpz =3,720.

From (3.2.1) we have,

2(g—1)24p2 —2+3- £2—+Ei+t—"+t"z+ p+t21’2
2 4 p p2 2p 2p2 e eeeees (3.2.4)

For the existence of a smooth epimorphism from a Fuchsian group I' to M, a
necessary condition for y =0 is t, # 0. Since ¢, is always even, so for s = 3, t, = 2 and

the other period must be either p or p? since t, can not take odd values for the following

values of 1 :

i = 2, 2p and 2p°.

Therefore from (3.2.4) we have

2] [t b
2Ag-1)=z4p {1 (4+i)}. ...... (3.2.5)

The right hand side of (3.2.5) will be minimum only when t, = 2, i = p.
In this case the minimum value of g is
(p-1Porp’-2p+1

From the above discussion, we have minimum values of g for small values of
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Out of the above possible minimum values of g we can easily come to the conclusion

at p? - 2p + 1 or (p - 1)? is the least value that g can have so far and the correSponding

We now show that g cannot have a lower minimum for s = 4.

e, L+t +t+le+t + >4

If possible, suppose there is a smaller value of g for some t,, t,, t, te, t, and t,..

From (3.2.1) we have

L, +1,+t, +tpz +, tn

2(g—1)2—2+(t2 +t, +t, +tp2 +t2p+t2pz )_

2
_1( )
=\l bt bty -2,
We are to show that,
t2+t4+tp+t2+t2 +t. ., 1 1 .
P P 2p
-2<l-c-= .. 3.2.6

Lttt 4t Tyt 1.1

or > 2

Now for s = 6, left hand side is greater than the right hand side, so we check the

minimum value of g for s =4 and s = 5.
Consider 8 = 4 e, t,+1t, + t + tp2 1, t2p2 = 4.

From (3.2.1) we get,

2(g-1)

g =2(y—1)+(t2+t4+tp+tpz +lyptty s )

- £2'+'ti+t~p+ti+igﬂ+£2.p—;— )
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Now we must have,

2y D+t Hty g+ )

[yt b b e g 1L
2 4 p p* 2p 2p° (3.2.7)

because the lower bound of g for s = 3 is obtained when

2g-D_, 1_1

If y = 1 then (3.2.7) doesnot hold.

b ety fp 1

We have, p pz 2p  2p

| B2, b t tpz top tzpz

Now, 2p 2p

|
> 2y =Dt H ot + a4y )"5 tyt b+t + s+t +Ey ]

1[ ]
=20~k TR R LT

Therefore.
2(y-1)+1[t2 +i, +t, +tp2 +t,, +t2p2 >2(y-D+2
2
=2[y-1) +11 (since s = 4).
he only possibility for getting a lower minimum is y = Q.

Hence t

t tpz N t2 t

t t 2
_1)>4pX —2+4-| 24t Py B Ry
s, Xe ) P{ {2 4 p p 2p 2p ]} ...... (3.2.8)
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For the existence of a smooth epimorphism from a Fuchsian group I' to M a necessary

sondition for y = 0 is t, # 0. Since t, is always even, so for s = 4 we have either t, = 4

r t, = 2 and the other periods must be i and j where i and j can take values from the

set {2, p, P 2p> 2p*}.
If (i) t, = 4 then ¢, ; are zero.
(i) t, =2 then i, j may take values from the set {2, p, p% 2p, 2p*}.
| Since the periods of T satisfy the conditions of theorem (3.1.1), so i and j can only
;ake the following values that is (i, j) can be one of the following :

1
2. 2), (0> P @ P (2p, 2p), 2p% 2p°), (2, 2p), (2, 2p%), (2p, 2p”) and (p, P?).

From the relation (3.2.8) we get,

2o [t b b
g-122p ][2 [ 13 +TJ}' ...... (3.2.9)

Ift4__.4theng22p2+ 1.
If t - 2 then from (3.2.9) we have
4

3 t. ¢t
- _>_22 | Ll
e~ p{Z (i JJ}

. ) ft 4
Now right hand side will be minimum when ('1— +‘JJ‘) is maximum. This will be

maximum when i =2,J = 2.
L; tj ___1 1
Therefore —i'+ ; —54.5:1.
3
>2p% = —
Hence gz4p {2 1}.;.1
=p*+ 1.

So in this case the minimum value of g is p*+ 1.
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We have seen that this minimum value of g is greater than p? - 2p + 1. Therefore the

inimum value for a compact Riemann surface admitting M as an automorphism group

is p* - 2p + 1 and in that case M is a smooth quotient of a Fuchsian group I" having the

fTignature 4, 4, p).

We shall also show that there is no minimum value for s = 5.
ie, t+¢t+ tp + tpz + t2p + t2p2 = 5.

In this case also the value of g could be less than that of the case s = 3 only when

= 0.
Fors=5 7=20.

For the existence of a smooth epimorphism from a Fuchsian group I" to M a necessary

condition for Y = 0 is t, # 0. Since t, is always even, therefore for s = 5 we have,

At = 4 and other periods must be either p or p*ast, Ly tzpz do not take odd values
individually-

t, = 2 and the other periods must be i, j and k, where i, j, k can take values from

2
the set {2, P» % 2D, 2p*}. In this case i, j and k may occur in the following ways:

@) If i = j =k then say t = 3 and i is either p or p*.

i) If i #J and k = O then the possible periods of I' are :

@i=2j=pl,=21¢=1],

) i=2]i=p"[t, =2 t.=1],

€ i=pj=2p [t, =1t =2],

(d)i=p,j=2p2 [tp= 1, t2p2 =2],
(e)i=p,j=p2[tp=1, tp =2ort =2, tpz = 1],
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(f)1= 2,.=2 t, = =
phj=2p [ty =1,¢t, =2]

(@i=phi=2p[t2 =1 b =2]
(iii) If i # j # k then the possible periods of I" are :

(@)i=2,j=p k=2p

(b)i=2,j=p k=2p

(c)i=2,j=p%k=2p,

(di=2j=p%k=2p,

(e)i=p j=2p k=2p%

) i=p>Jj=2p k=2p%

All the remaining periods are untenable according to theorem (3.1.1).

From the relation (3.2.10) we have

g—122p2{3—(t—4+tfi+t_j+£l£
PRI | n(3211)

Ift,= 4 then the right hand side of (3.2.11) will be minimum when i =p ie., t, = 1
1 P - .

So from the relation (3.2.11) we get,

g—122p2{2—-l}
p

_ 2p(2p - 1)
Therefore g 2 4p? - 2p + 1.

Ift, = 2 then the right hand side of (3.2.11) will be minimum only when

isp(j_.:k:())i.e. tp=3,

Therefore from the relation (3.2.11) we get

1
g22P2{3—5—%}+1

=p{6p-p—6}+1
=5p2-6p+1.
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Hence the minimum value of g for s = 5 is 5p? - 6p + 1, which is also greater than

- 2p + 1. Therefore g cannot have a lower minimum for s = 5 also. Therefore the

inimum value for a compact Riemann surface admitting M as an automorphism group

p? - 2p + 1 and in that case M is a smooth quotient of a Fuchsian group I' having the
ignature (4, 4, p).

We now summarize what we have proved in the form of a theorem

Theorem 3.2.1 :

Let M be a Zs-metacyclic group of order 4p® where p is an odd prime, with presentation :
<a,b :a” =b*=1b'ab=a"" > )

| Let M act as an automorphism group of some compact Riemann surface of
gonus g > 2. Then the minimum value of g and the corresponding signature of the
Fuchsian group T’ of which M is a smooth quotient is :
‘ g=p’-2p+1;(4 4, p).

O O
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Chapter 4 :

Finite smooth quotient of quadruple groups and some
quadruple groups as automorphism groups of compact
Riemann surfaces

4.1. Existence of smooth quotients of some families of quadruple groups
4.2. Quadruple extension of quadruple groups

4.3.  Quadruple extension and Riemann surface automorphism groups

4.4. Conclusion



CHAPTER - 4
FINITE SMOOTH QUOTIENT OF QUADRUPLE GROUPS
AND SOME QUADRUPLE GROUPS AS

AUTOMORPHISM GROUPS OF COMPACT RIEMANN SURFACES

Let us recall that in chapter 2 we defined a Fuchsian group with zero genus and three
periods to be a Fuchsian triangle group. Similarly we can define a Fuchsian group with

Zero genus and four periods to be a Fuchsian quadruple group. So a quadruple Fuchsian

group (m,, My s m,) is generated by four elements x,, X,, X,, X, satisfying :
lel =x2mz =x3m3 =x4m4 =xlx2x3x4 =1 ...... (4.1)
or X,ml =x2m2 :=x3m3 =(x|xzx3)m4 =1a

are positive int
where M, My Mz M p egers greater than 1 such that

1
.,1_-+—l—+—+—1—<2
m, m, Mm; m,

o a quadruple Fuchsian group can be generated by three elements. Now smooth quotients
i.e.

£q uadruple Fuchsian groups are also generated by three elements x, y, z satisfying :
o

xt=y"= = (xyz)t = 1

we call the smooth quotients of quadruple Fuchsian group an admissible quadruple

oup and £, T B ¢ will be called the periods of the group.
gr

We have already mentioned in chapter 2 that a Fuchsian triangle group having periods
which are relatively prime to each other can not have solvable smooth quotients. Similarly
a Fuchsian quadruple groups with relatively prime periods cannot have golvable smooth

quotients . SO W€ will look for admissible quadruple groups with at least two periods not
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| class of adm

Prime to each other, which are non-perfect quadruple groups.

In this chapter our aim is to find finite solvable admissible quadruple groups and in

ilthe last section of this chapter we find the solvable extension of admissible quadruple

groups and corresponding genus of the surface to which these groups act as a group of

|automorphisms of compact Riemann surfaces.

In section 2.1 of chapter 2 we mentioned that a finite smooth quotient of any

| Fuchsian group occur as an automorphism group of a compact Riemann surface of

| genus = 2. Therefore finite smooth quotients of (m, m, m,, m,/) also occur as

orphism groups of compact Riemann surfaces. Here we consider some interesting
issible quadruple groups like (¢, m, n, p) imposing some conditions
among the integers ¢, m, n, p and construct infinitely many finite solvable quotients of

the Fuchsian quadruple groups (£, m, n, ). Our results obtained in this chapter supersede

those of Parbin’s result [9] in the sense that those results come out as special cases of

those of ours. Our technique seems to be applicable in case we take a Fuchsian group of

s zero and any number of periods thus ensuring the possibility of proving the existence

genu

of infinitely many finite solvable quotients of n-generator Fuchsian groups.

Here in this chapter also we need to find the signature of some normal subgroups of

finite indeX of Fuchsian groups and the technique we use to find the signature is given

. Lemma 2.1.1 of chapter 2. We also use the other Lemmas : Lemma 2.1.2, Lemma 2.1.3

4 Lemma 1.1.4 included in chapter 2.
an
We now proceed to find an infinite family of solvable finite smooth quotients of

quadruple groups (£, m, n, p) for the following classes of admissible quadruple

Fuchsian
groups -
Class 1. (¢, m, n, p) where (¢, m) =d, > 1, (¢, n) = (4, p) = (m, n)
=(m, p) =, p =1
Class 1l. (4, m, n, p) where (4, m) =d, > 1, (4, n) = d,> 1 and
(4, p) = (m, n) = (m, p) = (n, B =1.
Class 111 (¢, m, n, w) where (4, m) =d, > 1, (£, n) =d, > 1,

(¢, w=d>1and (m n)=(m =@ p-=1.
)
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Class IV. (¢, m, n, p) where (¢, m) = rd,, (¢, n) = rd,, (m, n) = rd,,
(¢, myn)=r>1and (¢4, p) = (m, p) =(n, ) = 1.
Class V. (¢, m, n, p) where (4, m) =d, > 1, (4, n)=d,>1, (¢, W=d,>1,
(m’ n) = d4 and (m, H) = (n, l-l) = 1.
The periods ¢, m, n, p are taken as unordered.
In the next section we find the above mentioned admissible quadruples occurring as
smooth quotients of some quadruple Fuchsian groups and also we find the order of these
quadruple groups and the genus of the surface to which they act as a group

admissible

of automorphisms of compact Riemann surfaces.

4.] Existence of smooth quotients of some families of quadruple groups

This section is devoted in proving the existence of finite solvable smooth quotients

of quadruple Fuchsian groups (¢, m, n, p).

We now prove the theorems on the existence of solvable finite smooth quotients of

Fuchsian quadruple groups.

Theorem 4.1.1 : Let T = (¢, m, n, ) be a Fuchsian group where £, m, n, p

sitive integers greater than or equal to 2 such that (£, m) = d, > 1, (4, n)

are po
= (0, p) = (M n) = (m, p) = (n, p) = 1. Then I' admits a solvable smooth
quotient of derived length 3 and of order kzy'dl(nu)d"l(ab)(“”)"""‘fzf and genus

Y n d1-1_242y" " - .
1,27 (ab)’ 2 ! [2ab(Y ~1) + (np)* '(2ab—b—a)]+1, where k is an integer = 1 and
2

Proof : Let £ =ad,, m = bd, where (a, b)=1,a>1,b>1,

Let I be generated by elements x, X,, X, and X, satisfying :

ad, _ bd _
X" =X = X3 =Xj =X;X,X3%X, =1
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Let u,, u,, u,, u, be the images of x,, X,, X, and x, under the abelianizing homomorphism

rom I" to %, . Then %, is generated by u,, u,, u, and u, satisfying the conditions :

ad, _ _.bd, _ . n _ K _ _
u,‘—uz'—u3—u4—u1u2u3u4—1

or equivalently,

ad bd, __ ,,n _ no_

Now (uu,u)* =1 gives u, = (u,u;)""

ad, __ ,,ad,_ .ad, __ .. d _
Therefore ui” =uyuy” =ujy'uy =1
_dl
=u,;=U;" .
bd n __ -d, \® _ __-dn _
Now u2'=u3——(u2') =u,; " =1

. d, __
which gives u3' =1

Therefore %' = Za,

Lemma (2.1.1) we have I =| y';a,b,n,...,n,l,....u | Where y' is given by (2.1.1)

d,~times d,-times

By

and w¢€ get 'Y/ = 0.

r’: a,b,n,"-angu,---,u - eeass (4.1.1.1)

d,—times d,—times

So

Next let I’ be generated by ¥,,¥,,YjmYa:Y1mYq, Satisfying :

o n B

yi=y; =Yl =..=yg =Y ==Y =YYYieyg vy =1
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Then I"%_" =2,®0..0z, 9z, 0.9z, .

(d,—1) summands (d;-1) summands

Application of Lemma (2.1.1) gives

"= v%a,... s a,b,..... oo by (4.1.1.2)
()M '=times () '~times

where v” is calculated from (2.1.1) and is

d-1, dy,-1
ntopt d, d,
"= ——m—| 2d,-2———— |+1.
Y > l: 1 o l-l] ...... (4.1.1.3)

Therefore I' satisfy the 1.c.m. condition. The l.c.m. of the periods being ab =t, say.
Hence by Lemma (2.1.3) I has a normal surface subgroup I', = [ I'” of finite index for

every positive integer k > 1.

NOW [l—'ll . r ] = (kt)zy’a(np-)dl _l'lb(nu)dl_l-l,k 21 .
The genus of I, calculated from (2.1.1) is

_ kzyn (ab) (n],l.)dl -1 _2+27n

v, > [Zab(y" -D+ (n;.t)d‘_l (2ab—b-a) ]+ Lkz21

We now set Gs = %‘s which is a smooth quotient of I" and G, =G/ BG/ G/ = {1}.

Therefore G, is a solvable group of length 3 and I admits a smooth quotient of order
- =|T/ |=|T r r’
16, 1=| 4. =D | |,

= d,(np)*™ (kt)*" (ab) ™" ™!

_2Td (o) @)™t (4.1.14)
and of genus
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k27" (ab)™" 242"
Ys = 5

[2ab(y" = 1)+ (ny*™ @ab—b-2) |+ Lk > 1

....... (4.1.1.5)

dl_l dl—l

n N d
where Y LI 2d,—2——‘—9‘— +1#0.
2 n

This completes the proof.

The above theorem gives the following corollary.

Corollary 1 : When a =b =1 then I'" is a surface subgroup of I' and by Lemma
(2.1.1) we get 2 family of solvable smooth quotient of I' of derived length 3. In this case

the order of the group is k2'dnd'pd.

Theorem 4.1.2 : Let T = (¢, m, n, u) be a Fuchsian group where ¢, m, n, p are
positive integers greater than or equal to 2 such that, (¢, m)=d, > 1, (¢,n)=d,> 1 and
@ = (m, n)=(m, w = (n, p) = 1;d, d, are prime to each other. Then I' admits a finite

otients of order d,d,AB where,

smooth qu
A - h?z(d|+1)—2hgl(d2+l)—2k27';k,hl’hz > 1
Al A/ A/ _1
B= aA—l( —b— jAl i Al i As (wl)ZYk wh 0= _il?c_”__
and 1‘11 h2 h3 ] CI'C h|h2h3

proof : Letvs take £ = ad d,, m = bd,, n = cd, where a, b, ¢ are prime to each other.

Let T be generated by elements x, Xx,, X, and x, satisfying :

dd; _ bdi _ cd
x2% = x5 =X57 = xy =xX,%3%, =1

Let u,, Uy Uy Us be the images of x , X, X, and x, under the abelianizing homomorphism
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ad,d - bd - cd [T S _

or equivalently,

d,d — bd| — Cdz — H —
ui¥® =uy" =uy” =(uu,u;) 1

Now (u,u,u)t = 1 gives u, = (u,u,)"’

d,d
uzlld|dz = (u2u3)ﬂ 192 _

di .42
= uy'uz? =1

dy _ 92
=u, =Uu3 -
Therefore,
cdy _ fr828\¢ _ dic
ugdn =uj3 2 =(u;z ¥ =u=1
d
=uy =1

Also u¥ =1

I/, =
Therefore A’ 1224 B2,

By Lemma (2.1.1) we have

r =[y';a,b,b,...,b, ComCo bl | (4.1.2.1)

dy—times d;-times d,d,—times

here ¥ 18 given by (2.1.1) and we get
w

Y =%(d1 -1, -1)>0 (since d, > 1 and d, > 1).

By Lemma (2.1.4), T has a subgroup I',, k > 1 of finite index whose periods satisfy
the 1.c.m. condition.

LetT," = (x%, x € I’} be a subgroup of I for k 2 2. Let I', =T, 'T”, then by Lemma
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(2.1.3) T’/ is normal in [ of finite index.

|

AsT/c T, cT s0 %k is abelian.

Consider an abelianizing homomorphism

RS
¢.r->/rk,

14 ! ! ’ .
Let  WUpseosUqys Visees Vap Winee Wiy A Dpees a,,b, be the images of

. ' ' ) . .
| %X e Xa s Y0 ’y:il’zl’""Zdldz’al’Bl""’“v"Bv' respectively under the above mentioned

| homomorphism satisfying the conditions :
ut =u’ = —u:‘l: =Vi ==V = = —w:iud = Uuj..Ug V).V Wi Waa, =1
and U =u) = =ug =Vy == K =wik=..=wgy, =aj =bf =..=ak =bj =1
where the elements commute with each other.
If (b, k= >1, (c, k) =h, > 1 and (p, k) = hy 2 1 then the above relation gives :
ulh =...=u;t;‘ =v = -v'dhz = w}™ =...=w'd':;2 =1

d the elements commute with each other.
an

I
Therefore A =1z, ®.. @zh EBzh ®.. @zh @Zh .. ®zh Dz, ©..9z

d,-1 summands d,-n summands (d,dz-l) summands 27 summands

= h{="'hy™ (b h, ) K

Yl

_ 1. da+didy=2 dy+dydy-29, 27
_h12 192 h21 19274 <Y

Therefore

d, (14d,)- - g
A Nl

= A, say. (4.12.2)

By application of Lemma (2.1.1) we get,
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b
.= By By yeeey Ty yeees
kT | Vel oSy h h, h, | .. (4.1.2.3)

A-times )\ N
-

The periods of I, satisfy the l.c.m. condition, therefore I'/ is a surface group. The

is calculated from (2.1.1) and we have

genus of y, 1
A 1 1 1
=2 2y =2+d,| 1-— |+d,| 1—-—|+dd,[ 1——
Y 2[ ! '( CJ 2( b) ‘2( I—l)

1 1 1 1 1 1
————— —+—+—+— |+]
h, h, h; b c p :

By Lemma (2.1.3), let us construct another subgroup Iy generated by t"(t > 1) power

of the infinite order generators of I',.

Let N= rl:rl:, then N is normal in I', of finite index and r%\l is abelian as

r,c KL/ =N

Now we have,

I D..0
/\I‘Z Z@ZA® GBZ/GBZ/GB GBzAzl

(A-1) summands \ —~
[ % -1 )summands ( %2—1 )summands

@z%ea @z/ ®2,0..02,

( %3 -1 )summands

2y, summands

_abCt s the l.c.m. of the periods of T'.

where £ =1 h,h,
I"‘ 1 c 2 3 ,
(o) (&) ()

=B,say. L. (4.1.2.4)
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By application of Lemma (2.1.1) we have

N =(y,; -

Since N is a surface group and therefore G= % is a smooth quotient of I" and the

genus 1is obtained from (2.1.1) is

and the order of G is

o[ 74|14,

= d,d,AB

"
N

where A and B are given by (4.1.2.2) and (4.1.2.4) respectively. Thus " admits smooth

tients, but we cannot say that whether it is solvable or not.
quO )

This completes the proof of the theorem.

The above theorem arises the following corollaries :

Corollary 1 : Ifa=b=c=1in theorem 4.1.2, then I" admits a metabelian smooth

of order d,dzu""’2+27"1k2",k21 and of genus

quotientS
1 pdld2+27’—lk27'[ 2y -2+ dldz( 1- 1 ) ] +Lk>1
5 Q
" _1.(dI -1)(d, -D.
where ¥ 7o

Proof : From (4.1.2.1) we have I =| y; .., | Which shows that T is a surface

d,d,—times

group, since I satisfies the l.c.m. condition.
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By applying Lemma (2.1.3), let us define a subgroup
I, = {x* x e I for any positive integer k = 1} of I,
where p is the l.c.m. of the periods of I
Let N = [ I and N is normal in I
Further IV < I, = N.

Therefore % is abelian as it contains I'”. Considering an abelianizing homomorphism

el I’

o:I'" > %\T
I/ =7z @®..®z, ®z, D..0z
we have NEZp WLy Wy 70 77 Pyl
(d,dz-l)Mmds 2y’ summands

Therefore I FA' = udldz—] (”k)zyl - “dldz+27"lk2‘y .

Applying Lemma (2.1.1) we get N = (y"; ...), which shows that N contains no

finite order generators. Thus N is a surface group and the genus y” is calculated

from (2.1.1) is

) , 1
%udndzm'lkz" |:2y'—2+d1d2[1—1t-)}+1 fork > 1

1
where Y = -Z‘(dl -, -1).

If we set G = lyN', then G is smooth quotient of I' as N is a normal surface grdup,

Also G'= %,Q"=F7N={1} as I" < N.

Therefore G 2G' >G” = {1} showing that G is metabelian.

Now 1G1=| DL || T4 | = ddpné 1k ke 21,
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Corollary 2 : Leta=1and b, ¢ > 1.

From (4.1.2.1) we have F':[y';b,,_,,b,c,m,c, WL,..., L ]

d,-times d,-times d,d,-times

Therefore I'" is a surface group as the periods of I" satisfies the l.c.m. condition.
By applying Lemma (2.1.3), let us define a subgroup
I, = {x**, x e I for any positive integer k 2 1} of I,
where bcpk is the l.c.m. of the periods of I'.
Let N = I'I' and N is normal in I".

Further I < I, = N.
Therefore FX\I is abelian as it contains I'”.
Considering an abelianizing homomorphism ¢ZF'—>FX\I we have

FX\IE\Zb D..02,02,9..02,02,9..02,82,, 0.0z,

(d; ~1) summands (d,-1) summands (d,dz—l):ummands 2y sur;mands

Therefore,
| DA | = et (o™
— bd2+27’—1 Cd,+2'y’—l pdld2+27'—lk2'y' .

Applying Lemma (2.1.1) we get N = (y"; ...) which shows that N contains no
finite order generators. Thus N is a surface group and the genus T is calculated

from (2.1.1) is

1 pdrs2r-1 a2y pdl“ﬁz*"‘kz*'[zy' ~2+d,+d, +d,d, - 4 df _4d, }+ 1 k>1
c T

2 t

1
where Y’ = E(d] -1, -1),
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If we set G= % , then G is a smooth quotient of I and N is a normal surface group.

Also G,=%,Gn=1“%\1={1} as F” c N.

Therefore G 2 G 2G” = {1} showing that G is metabelian.

Now IGl= l %, ” FX\Il = dldzbdz+27'-1Cd.+2y'-1ud,d2+zy'_1kz.,' .

Theorem 4.1.3 : Let I = (¢, m, n, p) be a Fuchsian group where ¢, m, n, p are

positive integers greater than or equal to 2 such that
¢, my=d, > 1,4 n=d,>1 ¢ pw=d>1

and (m,n)=(m,p=(@p=1

where d , d,, d, are prime to each other. Then I" admits a finite smooth quotient of I’ of

genus

and the order is,
dd,d,AB
where A =h&® hdshdd 1k

ONCHCHE

h, h, 3

abcr
hlh2h3

Al ., 1 1
and vk=5[2v "2+dzd3(1‘g)+dld{l—z)+dld2(1—1)
r

£ =
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Proof : Let us take £ = ad d,d,, m = bd, n = cd,, p = rd, where a, b, c, r are pairwise
rime to each other.
Let I be generated by elements x,, x,, X, and x, satisfying :

ad,d2d3 —- bd| — Cdz — I'd3 _ _

or equivalently,

d,d bd d
xz]xdn % =X, 1 — xg 2 — (X1X2X3)rd3 -

Let u,, u, u, and u, be the images of x,, X,, X, and X, respectively under the
abelianizing homomorphism from I" onto %,. Then %, is generated by u, u,, u, and

u, satisfying :

d,d,d bd cd d
uflllzs_.: 2 3

1 — — - —
w,t =us? =u,’ = u,usu, =1

or equivalently,

ad d2d3 — bd] - Cdz - [‘d3 -
u, " =u; 0 =U; =(uu,uy) " =

d
We have ul =Lug =Luy =1.

Therefore %I =24 ©zy, Dz, .

By Lemma (2.1.1) we have,

r =(Y;a, b..b,¢..c, . | (4.1.3.1)

d,d,—times d,d;—times d,d,—times

| where ¥ is given by (2.1.1) and is

1
y = [2d,d;d; ~dyd; ~ddy —dyd, +1.

By Lemma (2.1.4), I has a subgroup I', k > 1 of finite index whose periods satisfy

the l.c.m. condition.
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LetI'" = {x, x € I’} be a subgroup of I, for k > 2.

LetI', = l"k*I'”, then by Lemma (2.1.3) '/ is normal in I" of finite index.
AsTV T, T, so U4, is abelian.
k

Consider an abelianizing homomorphism :

7 I
¢.1"—>Ak_

’ ’ ’ 14 ’ ! .
Let  U,UjeesUgg Vs Vg s Wiy Wag, 8, by5..,8,,D, be  the images of

! ! ! ’ ’ ! . .
X, X sees X g a0 Y1500 Y dydy 0 Z10e+0 2 d, O ,ﬁl,---,OLY',B,' respectively under the above mentioned

homomorphism satisfying the conditions :

a _ ..tb _ b e — JIC e IT _
u —ul —..-—ud2d3 —Vl —...—leda —Wl —"'—wd]dz
_ [ ’ [ ! I} [ _
= Ul Ug g Vi Vg g Wi Wog, =1
_ gtk gtk ke gtk _
and U =up =..=Ugy =V == Vg SW) == W =

af =by =...=a} =bk =1
where the elements commute with each other.
If b,k)=h 21, (c, k) =h, > 1 and (, k) = h, > 1 then the above relation gives :

Ih] _ 'hl — Ih2 — — Ihz —- Ih3 — - Ih3 _
ul —---—ud2d3 —Vl —...—-leds ——Wl —.-o_wdldz —1

and the elements commute with each other.

Therefore,

%k =2, ©..02, ®2, ©..0z, 02, ©..02, ©2,0..0z,.

(d,d,-1)summands  (d,d,-1)summands  (d,d,~1) summands 2y’ summands

_ dzdg"'] d1d3—1 dldz—l Zy'
_ pésts-p ity Sl

And ‘17
rk

= A, say.
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By application of Lemma (2.1.1) we get,

( \
) b b ¢ c r r
rk = Yksa,---9a1—9- B S L L S P TP T R
b hyhy hyhy hy L 4.1.3.3)
V" \—V——J
. %I—nmes %;times %3—times )

The periods of I, satisfy the l.c.m. condition, therefore I'/ is a surface group. The

renus of I, is calculated from (2.1.1) and we get

A ' 1 1 1
Yk =E-|:2’Y —2+d2d3(1—g')+d1d3( 1—;)+d1d2(1—;)

Yhere A is given by (4.1.3.2)

Let us construct another subgroup (by applying Lemma (2.1.3)) T} generated by

th (¢t > 1) power of the infinite order generators of I',.
Let N = I'T,/, then N is normal in T’ of finite index and F%\I is abelian as

r/cT.T/=N.

Now we have,

r/ 002,02, @.02, @ (@0

(A-1) summands -~
( ‘y -1 )sununands ( %2 -1 )summands

GBZ%3 ED...GBZ%3 Dz, D..0z,

“ et

g 27, summands

( %3-1 )summands

where £’ = is the l.c.m. of the periods of T’,.

h,h,h,
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Therefore

A/ _i A/ 1 A/ _
r (b VA D, !
%\I‘zaA](h_n} (hin (hl) ey

= B, say.

...... (4.1.3.4)

I By application of Lemma (2.1.1) we have

N=(,; .
Since N is a surface group and therefore G = % is a smooth quotient of I' and the

|genus is obtained from (2.1.1) is

T

| where A and B are given by (4.1.3.2) and (4.1.3.4) respectively.

Now the order of G is,

61= |15 74,

= d,d,d,AB

A
N

where A and B are given by (4.1.3.2) and (4:1.3.4) respectively. Thus I' admits smooth
quotients, but we cannot say that whether it is solvable or not. This completes the proof

of the theorem.

The above theorem arises the following corollaries :
Corollary 1 : Ifa=b=c=r=1in theorem 4.1.3, then I" admits abelian smooth

quotient of order dd,d, and of genus

1
-2-[2d,d2d3 -d,d,-d,d;-d,d, +1],

as well as metabelian smooth quotients of order d,d,d,k* and of genus
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|1
K2 [5{2d1d2d3 -d,d,—d,d,-dd, —1}]+ 1 fork > 1.

Proof : From (4.1.3.1) we have I = (y; ...) which shows that I' admits abelian

mooth quotient of order d d,d, and of genus
%[2d1d2d3 -d,d; -d,d;—d,d, +1],

Now we apply Lemma (2.1.2) and define a subgroup
I,={xxel'fork21} of IV containing I'”.

Let N = I' I/, then N is normal subgroup of I' of finite index.
As I ¢ I''T" = N, therefore % is abelian.

Consider an abelianizing homomorphism :

o: T _)F%\I we have

FA\IEZ" @...@zk.

2y’ summands

Applying Lemma (2.1.1) we have N = (y"; ...) which shows that N contains no

finite order generators. Thus N is a surface group. The genus ¥’ is calculated from

(2.1.1) is

If we set G= % then G is a smooth quotient of I, since N is a surface group.

Also G'= FA,G" =r%\1 ={1} as I¥ < N.

Therefore G 2 G G = {1}. Hence G is metabelian.
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Now the order of G is
161=| D= A

=d,d,d,k*, fork > 1

, 1
here v = 5[2d|d2d3 -d,d; -d,d;—d,d, +1].

Corollary 2 : Leta=1and b, c,r > 1.

From (4.1.3.1) we have

| =(y’; b,...,b, C,...,C, Iy.oi ]
—_— —— N
d,d,—times d,d,-times d,d,—times
Therefore IV is a surface group as the periods of I" satisfies the 1.c.m. condition.
By applying Lemma (2.1.3), let us define a subgroup |
I, = {x** x e I" for any positive integer k > 1} of I,
where ber is the l.c.m. of the periods of I".

Let N = FkF” and N is normal in I".

Further I < I I = N.
Therefore FX\] is abelian as it contains I'™”.

Considering an abelianizing homomorphism :

’
' F/
¢ N
'
we have 1%\]5 2,0..02,02,0..02,07,0..0z, 02,, 0.0z,
(d,d3~1) summands (dld3—l)§ummmds (d,dzﬂummands 2y su;t’\mands

Therefore \ FX\I ‘ = ph8T 1t (perk)?r

= pdadst2r-1 didsH2y-1 ddy2y-13 2k > 1,
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Applying Lemma (2.1.1) we get N = (y”; ...) which shows that N contains no

inite order generators. Thus N is a surface group and the genus y” is calculated

S — W

}Qﬁrom (2.1.1) is

’ ’ L d,d
%bd2d3+2y -1 o dida 2y~ didy 42y -1 2y |:2d,d2d3 B - lr 2 —1:|+1 ,fork =1,

1
;_where Y = —2—[2d,d2d3 -d,d; -d,d; -d,d, +1].

If we set G= %, then G is a smooth quotient of I" as N is a normal surface group.

also G'=T4,6" =T = as T/ c N.

Therefore G =G 2G" = {1} showing that G is metabelian.

Now 1GI=|04].
= | DAl
~dd, d3bd2d3+27'—1 i 2r -1 4214 27 for k > 1,

Theorem 4.1.4 : Let T = (£, m, n, p) be a Fuchsian group where ¢, m, n, p are
| positive integers > 2 such that

(4, m) =rd, ({, n) = rd,, (m, n) = rd,, (/, m,n) =121
and (4, ) =(m =m0 =1
:v where d, d,, d, are pairwise prime to each other. Then I' admits a metabelian smooth
| quotient of order
Ar’d dd,

and of genus

Al & d2d3_rdld3_rdld2_rd,z_rzdfdzd3 o
2 a b c 1
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‘I rd,ds+27' =14, 1dyd, +27' =1 _rd2+2y'-1  r2d}d,d3+2y'-1y, 2y
iwhere A = g a1 -lprdida 2yl rdy+ 2y uflzs‘*"f k¥ k=1

1
{and Y’='2—1'[fdfdzd3_d1d3“d1d2 _d?]+1-

Proof : Let us assume that ¢ = ard,d,, m = brd,d,, n = crd,d, where a, b, c are

Let I" be generated by elements x,, X,, X, and x, satisfying :

X0 =%, = X0 = X = XX, =1
e, x4 = xJh = x T = xh = x,x,%5%, =1
or equivalently,
x?’d'dz = xg'd‘d3 = x§'d2d3 = (X, X, X3 =1.

Let u, u, u, and u, be the images of x, X,, X, and X, respectively under the

elianizing homomorphism from I' to %,. Then %' is generated by u, u,, u, and u,

atisfying :
uid = ufih = ufh =uf =u,u,u,u, =1
or equivalently,
uh = 5% = g §h = (uyu,u,)t =1,

Now (1111_121.13?l =1 giVCS u,= (uluz)' L
Therefore,

crd,dy crdydy rdy, rdy _
u; " =(uu,) =1=u,%u,’ =

: d, _ . -rd
: rLe.  u;’=u, .
d
Now ul i = (u{dz )‘l ‘=1 uii =1
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Therefore,

u® =1 and uf® =1.

Therefore I/l"' =Zg4, ©Zogyg, -

By application of Lemma (2.1.1) we have

F = Y; a,...,a , bg---gb s Cyeees G, "’I'""’”' * (4‘14'1)

rd,d;—times rd,d,—times rd?-times r2d2d,d,—times

where ¥ is calculated from (2.1.1) and is
1
—2—r[rd?d2d3 -d,d; -dd, _d?]"‘l. ...... 4.14.2)

Since I” satisfies the l.c.m. condition, therefore I'/ is a surface group. By application

of Lemma (2.1.3), let us define a subgroup,

| I, = {x*¥ x e I for any positive integer k > 1} of I,
where abcp is the Lc.m. of the periods of I'.

Let N = I IV and N is normal in I

Further IV < T, I" = N.
Therefore F%\I is abelian as it contains I'”.

Considering an abelianizing homomorphism :
o: " >T4

we have FA\]E 2,0..02, ©2,0..0z, 692;,,.69.:692S

“

Vo v
(rdyd3-1)summands  (rd)d,-1)summands  (rd?-1) summands

D ?uéB...EBzul EB?abcukEB...EBza%

(r2d?d,d;~1) summands 2y’ summands
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Therefore,

lr%\ll _ ard,d3-1brd|d2-1crd,2-1urzdfd2d3—1 (abcuk)zy'

rd,d3+2y' =1y 1dydp+2y'-1_rd?+2y'-1, r%d? - !
— ™19 Y br|2+ % lcrd,+27 I”r dyd,dy+2y lka, fork>1

=A,say. (4.1.4.3)
Applying Lemma (2.1.1) we have N = (y”; ...) which shows that N contains
no finite order generators. Thus N is a surface group and the genus y” is calculated
from (2.1.1) is

%[ 2rd2d,d, —-

...... 4.1.4.4)

dids _rdd, rd} r’didyd, | )
a b c !

where A is given by (4.1.4.3).

If we set G= %, then G is a smooth quotient of I" as N is a normal surface group.

also G'=T4,G" =T ={l} asT" c N.

Therefore G 2 G =G’ = {1} showing that G is metabelian.

Now |G|=l%|.

=70 Al
=r’d’d,d,A
=Arddd, .. (4.1.4.5)
where A is given by (4.1.4.3).
This completes the proof of the theorem.
The above theorem gives the following corollary.
Corollary 1 : If a=b =c =1 in theorem (4.1.4) then I" admits a metabelian smooth

quotients of order
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2.2
212 r2d?d,ds+27~14_ 2y’
r2d?d,d,u" TSR k> 1

and of genus

) , ) 242
%ufz""’z"s*“"k“ [2r2dfd2d3 —-rd,d, —rd,d, —1d} —id'—:z‘ﬁ]‘u

where Y' = %r[rd,zdzd3 -dd,-dd, —d,z]+1 .

Proof : From (4.1.4.1) we get

C'= Y5 Kyl

r2d3d,d;—times

and Y = —;-r[rdlzdzd3 -dd,;-dd, —-d?1+1,

which shows that I is a surface group as the periods of I” satisfies the 1.c.m. condition.
By applying Lemma (2.1.3), let us define a subgroup
I, = {x* x e I for any positive integer k > 1} of I,
where p is the Lc.m. of the periods of I'.
Let N = [T and N is normal in I'.
" Further I ¢ I, I" = N.

Therefore % is abelian as it contains I'”.

Considering an abelianizing homomorphism o:I'" > %

'/ ~ .
we have N = z,®..®z, @?M@...®zpk,
h—-'\F_—J v v
(r’d?d,d;~1) summands 2y’ summands
! 242d,ds-1 2y
Therefore ‘FA|= p(ardadsh () ??

242 ' ]
r2d?d,ds+2y'-17, 27
=p k“,k=>1.
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Applying Lemma (2.1.1) we have N = (y”; ...) which shows that N contains

no finite order generators. Thus N is a surface group and the genus y" is calculated

from (2.1.1) is

r’d’d,d, ]+1

%Hrzd'zdzd””'_lkzy’[ 2r2d12d2d3 —rd,d; —rd,d, - rd,z B

, 1
where Y =5r[rdf‘d2d3 -d,d, -d,d, _dlz]+1-

If we set G=1 , then G is a smooth quotient of I' and N is a normal surface group.
N group

Also G'=%,G"=r%\1={1} as I < N.

Therefore G G G = {1} showing that G is metabelian.
Now  161=[ D474

_ 212 r?d2d,d;+2y'-17, 2y'

This completes the proof.
Theorem 4.1.5 : Let T’ = (¢, m, n, p) be a Fuchsian group where ¢, m, n, p are
positive integers greater than or equal to 2 such that
(,m=d>1,¢n=d>1¢w=d>1(mn=d>1
and (m, p) =(n, p) =1,

where d,, d,, d;, d, are pairwise prime to each other. Then I" admits a metabelian smooth

quotient of order
Ad,d3d.d,
and of genus

A
5[ 2d,d3d,d, —

d,d, did, d,d,d, dld§d4]
- - - +1
b c d ’
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] 2 ’ ’ ‘ '
where A = 92da¥2Y -1y dzdz+2y-1 Cd,d2d3+2}.' -1 dd,d§d4+27 -1y 2 k=1

, 1
and y' = 5[2d1d§d3d4 ~d,d, -d2d, -d,d,d, —d,d3d,1+1.

Proof : Let us take ¢ = ad d,d,, m = bd d,, n = cd,d, and p = dd,where a, b, ¢, d

17273 14

pairwise prime to each other.

Let I" be generated by elements x,, X,, X, and x, satisfying :

ad|d2d3 —_ bd|d4 — Cdzd4 — dd3 - —
X3 =X, =Xy 0 =X, =X XXX, =1
or equivalently,
addyd, _ bdd, _ cdyd, _ ddy _
XpEE =X =X = (X XpXg) T =

Let u,, u,, u, and u, be the images of X, X,, X; and x, respectively under the

dbelianizing homomorphism from I to %. . Then %, is generated by u,, u,, u, and u,

tisfying :

cdydy

—_ ddy _
=, =

adld2d3 —_ bd|d4 —_ —_
: =u, =u,°’ =uu,uu, =1

u

or equivalently,

ad|d2d3 — bd|d4 . Cd2d4 —- dd3 —
u; =u, % =u3™™ =(uu,u,) =1,

. d. !
From the above relations we have, u, = (u3u,3 )

u?ldzds —_ ugzd4 =1.

Therefore %' = Z4,4,4, Dz,

and  |DA.|=ddidd,.

By application of Lemma (2.1.4) we have
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oooooo

F = Y a »a , b b C,...,C , d!""d (4.1.5.1)

dzda-umes d3d;-times didxdy—times ¢ 424, —times

, 1
where Y = 5[2d1d§d3d4 -d,d, -d3d, -d,d,d, —d,d3d,]1+1.

Since I" satisfies the l.c.m. condition, therefore I/ is a surface group.

By application of Lemma (2.1.3), let us define a subgroup,

I = {x*, x e I for any positive integer k > 1} of I",

where p is the l.c.m. of the periods of I” [p = abcd].
Let N = I I and N is normal in I".

!
Further since IV ¢ I',I” = N, therefore FK\I is abelian as it contains I'”.
3 3 3 . . ,
Considering an abelianizing homomorphism ¢:F'—>r such that
g N
Uppeens Ugg, s Vineeos Vigzg, s Wisees Waga, s Wioees W grg 531 D1es8y Dy be the  images  of

' ' ' ' ' ' . . .
x],...,xdzd“,y],---,ydgdaszl,-"’zd‘dzdlsZ],"-’Zdld;d‘9a]3B1’""ay" Y respeCtlvely Satleynlg the

conditions :
u‘; - = u§2d4 = V? S = V:)%dg =W B wg'd2d3 - Wl = W:lddzd4
= Uy, VieeV gy WieWygq Wi Wy gy =1
and  uf=.=ul =vEo=vE swis=wl =Wk s =Wl =1

also the elements commute with each other.
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| Therefore,

0 D =2.0.92,872,0..02,0 2,0..0z

(dyd4-1)summands  (42d,-1) summands (d,d2d3—l¥summmds

©2,0.0z, 2, D.. Dz,

J

(d,d3d,~1) summands 2y’ summands

Therefore l F/N \ — ad2d4-lbd§d3-l cdid:ds-1 dd.did,—l (pk)zy'

— ad2d4+27’—lbd§d3+27'—lcd,d2d3+2y'—1 dd,d§d4+2y'—1kzy' ,fork >1

= A, say. 4.15.2)
By applying Lemma (2.1.1) we have N = (y/; ...) which shows that N contains no

finite order generators. Thus N is a surface group whose genus is

%[ 2d,d3d.d, -

...... (4.1.5.3)

d,d, djd, dd,d, d,d3d, ‘1
b c d

f\#/here A is given by (4.1.5.2).

We now set G= %, then G is a smooth quotient of " and N is a normal surface

e e

group.
Also G'= FA,G" =F%\I= {1} as I < N.

Therefore G G >G” = {1} showing that G is metabelian.

Now IG|=.%\.

=874

= d,dddA

=Addxdd, L. (4.1.5.4)
where A is given by (4.1.5.2). This completes the proof of the theorem.
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The above theorem gives the following corollary.

Corollary 1 : ff a=b =c =d =1, then ' admits an abelian smooth quotients of

; 1. o
i _2_k27 [2dld122d3d4 -d,d, ‘dids —-dd,d, —d,d§d4]+1, fork>1

‘

! 1
‘Where Y= —[2d1d§d3d4 —d,d, - dids —dd,d; - d1d§d4]+1 .

2

Proof : From (4.1.5.1) we have I” = (v; ...) which shows that I" admits abelian

smooth quotient of order d d,’d,d, and of genus

s M= G i ST el

-;-[2c11d§d3d4 ~d,d, -d2d, —d,d,d, —d,d3d,]+1.

Now we apply Lemma (2.1.2) and define a subgroup
' I = {x*, x e I for k > 1} of I containing I"”,

Let N = [ I, then N is normal subgroup of I of finite index.
As I ¢ T I = N, therefore FX\I is abelian.

Consider an abelianizing homomorphism :

¢1F'—‘>FX\I
'/ =
we have /NEnO-0n
2y’ summands

Applying Lemma (2.1.1) we have N = (y”; ...) which shows that N contains

no finite order generators. Thus N is a surface group. The genus y” is calculated

~from (2.1.1) is
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" 1 !
v =K 24,830,4, -d,d, ~d3d; ~didyd; ~ddid, 141,

If we set G= %, then G is a smooth quotient of I', since N is a surface group.

Therefore G G 2G” = {1}. Hence G is metabelian.

Now the order of G is |G|=’%|=|%'H%|

=k?d,d%d,d,, fork > 1

1
where 7' = 5[2d1d§d3d4 -d,d, —d§d3 —d,d,d, -d,d3d,1+1.

The following cases were studied by Parbin Ahmed [9] in her doctoral thesis which

~will comes out as special cases in our study.

I. If u, v, w are positive integers greater than 1 such that u < v < w and
“(u, v) = (u, w) = (v, w) = 1 then for every positive integer k, (u, u, v, w) has a solvable

smooth quotient G, of order uv*- Iwe - k2% and of derived length < 3, where

2g = V' 2w [2(u - 1)vw - uv - uw] + 2,
acting as an automorphism group on a surface of genus m given by
2(n - 1) = v* - 2w"- &K%[2uvw - 2vW - UV - uw].
IL. If u, v, w are positive integers >1 such that u < v < w and (u, v) = (u, W) =

(v, w) = 1 then for every positive integer k, (u, v, , uvw) has a solvable smooth quotient

|G, of order uvwk? and of derived length <2 where
2g = 2uvw - (v + uw + vw) + 1

acting as an automorphism group of a surface of genus n given by
2(n - 1) = k%2[2uvw - (uv + uw + vw) - 1].

IIL. If u, v, W, z are odd positive integers and z > 1, and (u, v) = (u, w) = (0, 2) =

137




. w) = (v, z) = (w, z) = 1 then for every positive integer k, (2u, 2v, 2w, z) has a solvable

ooth quotient G, of order 4uvwz’k* and of derived length < 3, where
‘m 2g = z*[8uvwz - 2(VWZ + uwz + uvz - 4uvw)] + 2

ting as an auotomorphism group of a surface of genus n given by
2(n - 1) = 2z[4uvwz - (VWZ + uwz + uvz) - 2uvw]k? .

IV. If u is a positive integer greater than 2, then for every positive integer
k, (u, u, u, u) has a solvable smooth quotient G, of order u’k* where g = v* - 2u® + 1
‘which acts as an automorphism group of a surface of genus n given by

2(n - 1) = v’k?*[2u - 4].
V. If u, v are positive integers greater than 1 then for every positive integer
k, (u, u, uv, uv) has a solvable smooth quotient G, of order u*vk? where
g=uvuv-v-1]1+1

acting as an automorphism group of a surface of genus n given by

2(n - 1) = vk*[2uv - 2 - 2v].
VL If u, v, w are positive integers > 1 such that (v, w) = 1 then for every positive

‘integer k, (u, uv, uw, uvw) has a solvable smooth quotient G, of order u*vwk? where

2g = vwu-1) - (v+w+ DI +2
which acts as an automorphism group of a surface of 1 given by

2(n - 1) = uk®2uvw - (VW + v + w) - 1].

4.2 Quadruple extension of quadruple groups

A group G is an extension of a group H by another group K if G contains a normal
.‘ | subgroup H isomorphic to H such that %—E K. The simplest way to construct an
extension of H by K is to form the direct pfoduct G = H x K for, it is known that G
contains two normal subgroups H={(h])IheH} and K={(1k)IkeK} with the
properties H = HK= K,Gﬁ =K and GK =H,

We now prove below a theorem 4.2.1 which will prove that an extension of a quadruple
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eroup by a quadruple group is again a quadruple group.

Theorem 4.2.1 : Let H be a quadruple group of type (A, i, v, n) and K be a simple

n/tv,

& 1 m holds, then G = H x K is a quadruple group of type

(A €1, [p, m], [v, n], [0, ED.
Proof : Let H be generated by u, v, W satisfying u* = v¢ = w¥ = (uvyw)" = 1 and K
be generated by X, y, z satisfying

x{ = y" = z" = (xyz)* = 1.
Now G = H x K can be generated by (u, 1), (v, 1), (w, 1), (1, x), (1, y) and 1, 2).
Let A be the subgroup of G generated by (u, x), (v, y) and (w, z). We claim that
A= G. We observe that K=K and is generated by (1, x), (1, y) and (1, z). Now consider

the subgrbup D=AnK of G. We are given that at least one of the conditions

€1 A m/t p nfvand &4 n holds :
When ¢ A we have

(,x)* =(Lx")=1x)" ek

sothat (1,x) e AnK

and (1, x* = (1, 1).

Hence D is not the identity subgroup.

When m / p we have
vyr=0yW=>0yreK

sothat (1, y) e AN K

and (1, y%) = (1, 1)

Hence D is not the identity subgroup. Similarly
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When n / v we have
w,z=(1,z)=(,2" e K

sothat (1,z") e AN K
and (1, zv) = (1, 1).
Hence D is not the identity subgroup.

Lastly when & I n we have

{(u, X)(v, Y)W, 2)}" = (uvw, xyz)" = (1, (xyz)")

= (1, xyz))"
= {(1, x)(1, )1, z)}"
eK

and (1,(xyz)") # (1, 1).
Hence in this case also D is not the identity subgroup. Now D is a subgroup of A

as well as K . Since K is normal in G, it follows that D = A N K is a normal subgroup

of A, since A is also a subgroup of G.

Let us now define

I1: A—> K byIIE, &) =(1, &)

Then IT is a homomorphism. Further IT maps (u, X), (v, ¥), (W, z) onto the generators

(1, x), (1,y), (1, 2) respectively of K . Hence I is an epimorphism. Also IT maps D onto
itself. Since D is nofmal in G and non-trivial, D is a non-trivial normal subgroup of K,
but K is simple and therefore K , being an isomorphic image of a simple group, is simple.
This shows that K coincides with D. Hence

AD K-

Therefore
1, x), 1,y), (1,z) € A
Now (u, 1) = (u, x)(1, xt°") € A,
v, D=y en

and (w, 1) =(w, z)(1,2z" ") € A

140



Hence (1, x), (1, ¥), (1, z), (u, 1), (v, 1), (W, 1) € A.

Therefore G = A.
Now set a = (u, X), B = (v, y), ¥ = (W, z).
Then G is generated by a, B, y satisfying :

o 8 = Bk m = yvol = (afy)n ¥ = 1.
Hence G is a quadruple group of type :

(I 4, [y, ml, [ 0], [0, €).
Theorem 4.2.2 : If G = H x K is an extension of H by K then G = H' x K’ is
also an extension of H' by K/, where G, H/, K/ are the derived groups of G, H and K
respectively.
Proof : We firét show that H' and K’ are two normal subgroups of G’
then G’ = H' x K'. We now show that H' is normal in G'.

Let x € G therefore x = aba ~'b"! for some a, b, € G.

Let h € H then h € H [since H A H].

Since a, € Gand h € H and H A G therefore aha ! € H.

Now to show that xhx ! € H'.

xhx ! = (a,b,a,; 'b, Hh(bab

B PN
lllal)

=aba (b, 'hb)ab'a L3

17171

= ab(a 'ha)b, 'a " [b, 'hb, € H' = h,, say]
= a(bhb Ha ! [a, 'ha = h, say]
=ah,a ' [bhb ! =h, say]
e H.
Therefore H is normal in G ’

»

Similarly we can show that K’ is also normal subgroup of G'. Therefore G’ contains
two normal subgroups H’ and K/. Next to show that
G =H x K

First to show that G < H' x K.
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Let x € G, therefore x = [a, b] where a, b € G.
We have G = H x K an extension of H by K.
Since a, b € G, therefore a = (h, k), b = (h,, k) where h, h, e Hand k, k, € K.
Now  x = [a, b] = [(h, k), (h,, k)]
= (h, ! kDb, Y Ky Dy, k)(hy, k)
= (h; 'h, 'hh, k" 'k,; 'k k)
= ([h;, hy), [k;, k,])
e H x K.
Therefore x € G = x € H x K'.
Hence GcHWH xXKX . 4.2.2.1)
Conversely, let
x e H x K
je. x=(h k) € H x K where h e H, k € K.
Let h = [a, b,] and k = [a,, b,] for some a,, b, € H and a,, b, € K.
Now x = (h, k) = ([a,, b)], [a, b,])
= (a,ba; /", ab,a; b,
= (a,, 2,)(b,, b,)(a;, a;9(b;% b
= (a,, a,)(b,, b){(a,, a,)F{(b,, b)}"
= [(a;, a), (b}, b)]

e G.
Therefore, xeHxK=>xelG
Hence H' x K' ¢ G enn(4.2.2.2)

From (4.2.2.1) and (4.2.2.2) we get,
G =H x K
Therefore if G = H x K is an extension of H by K then G = H' x K is also an

extension of H by K.

This completes the proof.

The construction of the extensions of admissible quadruple groups will be followed
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after the following definition :

Definition 4.2.1 : Let G be a finite group with a sequence of

subgroups G = G® o G’ o ... where each group G is the derived group

of Gi-Y for i = 1, 2, ...; which terminates in the identity in a finite number of steps,

say G™ = 1, then G is called solvable of length n. Now each factor group GH/Gi is

abelian. If G® = G'* !, then we have
G» = G® for all j = i.
If there exists a least non-negative integer n satisfying G" = G"*! = ... then we say
G is insolvable of length n. Solvable groups of length 1 and 2 are abelian and metabelian
groups respectively where as insolvable groups of length O are the perfect groups. A
finite group G generated by three elements x, y and z satisfying the relations :
Xl =y™=2z"= (xyz)* =1
is called a quadruple group. It is to be noted that the cyclic group z_ can be viewed as
a quadruple group of type (m, m, m, 1). Similarly z, ® z_ can also be thought of as a
quadruple group of type (¢, m, [£, m], 1) where [£, m] denotes the l.c.m. of £ and m,
Definition 4.2.2 : Let H be a quadruple group of type (A, p, v, n) with the
generators u, v and w satisfying the relations :
ut = v¢ = w¥ = (uvw)" = 1.
Let p be a prime such that p does not divide p and v and 1. Now the group z ie.
(p, p» P> 1) is simple and therefore by theorem 4.2.1 the group G = H x z is a quadruple

extension of H by z, ie.

H x Zp = ([7\., p], [u9 P], [V, p]’ TI)‘
We know that an extension of a solvable group by a cyclic group is solvable.
Let us now discuss a method to construct a series of admissible quadruple groups G

i=1, ..., k such that given any positive integer k and an admissible quadruple group G
GcG c..cG,
and G =G/, 1<i<k

143



where G/ is the derived group of G,.

Theorem 4.2.3 : Let G be a quadruple group of type (4, m, n, n) where
(¢, m) =d, > 1 and (¢, n) =(¢, p) =(m, n) =(n, p) = (m, p) = 1 generated
by u, v, w satisfying the relations :

u = v = w" = (uvw)* = 1.

LetP = {p, ..., p,} be a set of distinct primes such that p, < p, <.. <p_; p, 2 3 [If,
say p, = 2 then we get z, as a smooth quotient of (2, 2, 2, 2, 2, 2) which is not a quadruple
Fuchsian group].

Then there exists a series of quadruple groups G, ..., G, where

GnDGn_lD...DGlDG
and (a) the order of G, =pp, ... p; | GLi=1,2, .., n.
(b) G/ is the derived group of G, i =1, 2, ..., n

G, |
' }G%}‘_—-pl and ' /Gi—l‘=pi, 1= 2’ 3’ cesy n.

Proof : Let G be a quadruple group of type (£, m, n, ).

LetP = {p, p,, ..., P,} be a set of all distinct primes such that p, < p, < .. <p_.
-Let z, ie., (p, P, Py 1) bE2 simple quadruple group satisfying the condition :
uf =uf =u' =uu,u, =1.

Let G, be an extension of G by z, i.e.

Gl =G X zP[ = ([’f, Pl], [m: Pl], [n, pl], l.l,)

= (o, O, Oy W) 5AY,
where [£, p ] = o, [m, p;] = a,, [n, p,] = ,, p, may be exactly equal to ¢ or m or n.

Now  IG, = IGlp,,

and G)z=G'xz, =G,
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Therefore G/ = G’ and G, © G [since G, A G/ = G].

Let p, be a prime, then the simple group will be of the form (p,, p,, p,, 1) i.e. Zp -
2

Let G, be an extension of G, by z, ie.
2

G2 = Gl X Zp = ([ap pz], [G'Z’ p2]3 [a‘3’ p2]7 p’)

2
= (Bp BZ’ B3’ W), say
where [a, p,] = B,, [o,, P,] = B, [o, p,] = B,

Therefore IG,| = IG, x z, 1=IG ! Iz, I = p,p, IGI
2 2

P
and G, =G\xz, =G, =G,

Therefore G,/ = G’ and G, 2 G, © G.

Continuing the process till the n' step we get a series of quadruple groups,

G, G, ..., G, such that
G >G _ ,»..2G6G,>5G>G

whcreGl=zep andGi=Gi_lep?i=2, 3, .onand I G =ppp,..plGI,

1 1

i=1,2,3, .., n

Which completes the proof.

From the above theorem we can have a definition which is given below :

Definition 4.2.3 : Let G be a quadruple group of type (4, m, n, p) generated by
u, vand w satisfying the relation :

ul = vm = wt = (uvw)* = 1.

LetP={p, .., p,} be a set of n-distinct primes such that p, < p, < ... < Py P, 23

then there exists a series of quadruple groups G,, ..., G, such that

GcG c..cG,
where G, = G x z, and G, = G, | x Z i=2,3, .., n. We definé G, to be the p-th

1 i

extension of G,
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In the above theorem, the choice of the primes p,, ..., p, are arbitrary, the construction

may be done in many ways. Moreover the simple cyclic group z_ might also be replaced

p
by any known non-abelian simple quadruple groups. But in that case we may not have
G as the derived group of G,, we get a series of subgroups, which is insolvable.

4.3 Quadruple extension and Riemann surface automorphism groups

By our definition a quadruple group is a finite group. Also every finite group is an
automorphism group of some compact Riemann surfaces and by theorem 4.2.1 quadruple

extension is also a quadruple group. Hence an extension of quadruple groups acts as an

automorphism groups of a compact Riemann surfaces.
Let G be a finite group. Now the genus g of the compact Riemann surface on which

G acts is obtained from (2.1.1) as follows :

Z(g—1)=IG|{2—Z_E—H—E}

1 1 1 1 1
~ 141Gl 2-2-=—2=2
1.€., g 2 { / m n é}’

where (4, m, n, &) is an admissible quadruple group satisfying :

_1_+-1—+—1—+1<2_
/ m n

The above method may as well be applied to determine the genus of a compact
Riemann surface admitting a p-extension of an admissible quadruple group as a group
of automorphisms because of the following lémma.

Lemma 4.3.1 : A p-extension of an admissible quadruple group is also an admissible
quadruple group.

Proof : Let G be an admissible quadruple group of type (4, m, n, £). Then G is

generated by u, v, w such that, O(u) = ¢, 0(v) = m, O(w) = n and O(uvw) = & with
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1 1 1 1
—+—+—+—-<2
/ m n )
Let p be a prime such that p f m and p/ n and p / &. Then by definition 4.2.2
H=G x z is a p-extension of G by z.
Let z, be generated by w, so that O(w,) = p. We see that H is generated by
a=(, 1), B =(v, 1) and y = (w,, y). Since £, m, n, € and p are the respective

orders of u, v, w, uvw and w, it follows that ¢, [m, pl, [n, pl, [€, p] are the

respective orders of o, B, vy and ofy. Further

1+_l_+.l+_1_<2 .
7 m  n implies

1 1 1 1

+ + + <2
¢ [m,p] [n,p] I[&,p]

Therefore H is an admissible quadruple group. Which completes the proof.

Now we find the genus of the p-th extension G, of G, which is stated in the theorem
423 .

Theorem 4.3.1 : Let G be an admissible quadruple group of type (¢, m, n, &)
generated by u, v, w such that p, < ... < p, and p; not divide m; , n,_, and & _, where
m, n; and & are defined as follows :

() m, = m, m, = [m,, p,}, m, = [m;, P}, ..
@ii) n, = n, n, = [0, p,}, n, = [n, p,} -
(iii) &, = & &, = [&y P] &, = [ Pob -
Then p-th extension G, of G is an automorphism group of a compact Riemann

surface of genus g, 1 <i < k where
1 1 1 1 1
=1+=(p,..p)IGI{2~—————— —_r.
gl 2(p1 pl) { f m. ) }

Proof : From theorem 4.2.3 and Lemma 4.3.1 we observe that G,, the p,-extension
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of G is an admissible quadruple group. Also each G, 2 <1 < k is the p,-extension
of G, ,. By induction it now follows that G,, the p-th extension of G, is an admissible
quadruple group. Also from theorem 4.2.3 we see that,

IGl = (p, -.- p,) IGI

and we already have,

1 1 1 1
—+—+—+—<2
¢ m; n '

Therefore G, is the automorphism group of a compact Riemann surface of genus g,

which satisfy the following equation :

1 1 1 1 1
gi = 1+’2_(P1P2---pi)IGI{Z__—__"T"‘—}-

*

This completes the proof.
4.4 Conclusion
From the theorems mentioned in section 4.1 of this chapter we have come to the

conclusion that for any admissible quadruple group we can prove the existence of solvable

smooth quotients whose derived length is less than or equal to 3.

ONO®
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APPENDIX

SYMBOLS

The following is a list of symbols used in this thesis : —

A=B The sets A and B are equal

A=B The sets A and B are not equal

AcCB The set A is a subset of the set B

AcB The set A is a proper subset of the set B

A Q B The set B is a subset of the set A

A>B The set B is a proper subset of the set A

AUB Union of two sets

ANB Intersection of two sets

AxB Cartesian product of two sets

a = b(mod m) Congruerice modulo m for integers

[, B] The commutator o 'B'af of the elements o and B of
a group

C Complex number system

D The upper half plane

sz The dihedral group of order 2p, p is odd prime

D, The dihedral group of order 2n
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o(I)

f: X->Y
fl:Y > X
f(A)

f-{B)
gf: X oY

IGl

G®
G®
G/N

(y;m, .., m)

(v; -)
H®K

&, k)

=2(y ~ 1)+Z( I—Xn_ ) for a Fuchsian group I" with
i=1 i

signature (y; m, ..., m)

r

The empty set

Function (or mapping) with domian X and range in Y
Inverse function (or mapping)

Image of a set under a mapping

Inverse image of a set under a mapping

Product of two mappings f : X > Yandg:Y —» X
Order of the group

Index of the subgroup H in the group G

G is isomorphic to H

H is a normal subgroup of G

The derived group of the group G
The i** derived group of the group G
The quotient group of G by the normal subgroup N

Signature of a Fuchsian group with genus y and

m, ..., m_as periods

1
Signature of a surface group with genus y
Direct sum of two groups

The h. c. f of the integers k, k,
150



{k, ...k}
LF(2, R
¢1m

2/ m

m<n m<n

weE)

X g A

The 1. c. m. of the integers k, ..., k,
The group of linear fractional transformations
The integer ¢ is a divisor of the integer m
The integer ¢ is not a divisor of the integer m
Order relation for cardinal numbers
Non-Euclidean measure of a measurable set E

The set of real numbers

A class of compact Riemann surfaces of algebraic

genuses g = 2
x belongs to the set A

x does not belong to the set A

ONO
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